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Cesaro ergodicity

An operator T € B(#) is Cesaro ergodic if
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Cesaro ergodicity

An operator T € B(H) is Cesaro ergodic if the sequence
{Mp(T)}o2 , of Cesaro averages

1 n—1 )
M (T) = n Z r
j=0

of T is convergent in the strong operator topology, i.e.,
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Cesaro ergodicity

An operator T € B(H) is Cesaro ergodic if the sequence
{Mn(T)}o2 , of Cesaro averages

1 n—1 )
Mi(T) = Z T/
=0
of T is convergent in the strong operator topology, i.e.,
n—oo N 4

n—1
lim lzrfh: Ph, heH,
/=0

where P is the oblique projection such that

N(P)=R({—T) and R(P) = N(I - T).
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If T and T* are Cesaro ergodic, then

n—1
lim U Z Th=P*h, heH.

n—oo N
J=0
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If Tand T* are Cesaro ergodic, then

n—1
jim L > T9h=Ph, heH.

n—oo N 4
j=0

| A\

Orthogonally mean ergodic operator

If P is an orthogonal projection, then T is called an
orthogonally mean ergodic operator.
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If T and T* are Cesaro ergodic, then

1n—1 ‘
nImenQT h=P*h, heH.
J=

| A

Orthogonally mean ergodic operator

If P is an orthogonal projection, then T is called an
orthogonally mean ergodic operator.

An operator T € B(H) is Cesaro ergodic if and only if
it is similar to an orthogonally mean ergodic operator on H.
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Let Cy.(H) be the class of all power bounded operators
T € B(#) such that

inf || T"h|| >0, he#\{0}.
neN
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Example

Let Cy.(H) be the class of all power bounded operators
T € B(#) such that

g n
inf [|T"h] >0, he#\ {0}

It turns out that if T € Cy.(H), then T and T* are orthogonally
mean ergodic operators
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Example

Let Cy.(H) be the class of all power bounded operators
T € B(#) such that

g n
inf [|T"h] >0, he#\ {0}

It turns out that if T € Cy.(H), then T and T* are orthogonally
mean ergodic operators

(Tools from papers of L. Kérchy).
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Example

Let Cy.(H) be the class of all power bounded operators
T € B(#) such that

g n
inf [|T"h] >0, he#\ {0}

It turns out that if T € Cy.(H), then T and T* are orthogonally
mean ergodic operators

(Tools from papers of L. Kérchy).

Classical results
|T|| <1 == T is orthogonally mean ergodic,

| \

A

authors: W. Majdak, A.-N. Secelean, L. Suciu speaker: Witold Me  Ergodic properties of operators...



Example

Let Cy.(H) be the class of all power bounded operators
T € B(#) such that

g n
inf [|T"h] >0, he#\ {0}

It turns out that if T € Cy.(H), then T and T* are orthogonally
mean ergodic operators

(Tools from papers of L. Kérchy).

Classical results

IT| <1 = T isorthogonally mean ergodic,
SUPpen [| T < o0 = T is Cesaro ergodic.

| A\

A
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We assume that A € B(#) is a positive operator, i.e.,

(Ah,h) >0, he?.
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We assume that A € B(#) is a positive operator, i.e.,
(Ah,h) >0, heH.

Such an A induces a positive semidefinite sesquilinear form
(-,)a:H x H — C defined by

(h,f)a = (Ah,f), hfecH.
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We assume that A € B(#) is a positive operator, i.e.,
(Ah,h) >0, heH.

Such an A induces a positive semidefinite sesquilinear form
(-,)a:H x H — C defined by

<h7f>A:<Ah7f>a h,fe™H.
Denote by || - || 4 the seminorm induced by (-, ) 4, i.e.,

|hlla=+/{h hya heH.
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We assume that A € B(#) is a positive operator, i.e.,
(Ah,h) >0, heH.

Such an A induces a positive semidefinite sesquilinear form
(-,)a:H x H — C defined by

(h,fya= (Ahf), h,feH.

Denote by || - || 4 the seminorm induced by (-, ) 4, i.e.,
lhlla= /h,h)a heH.

We put

Ba(H) = {T € B(H)|3c >0Vhe H: | Thla < c|lhl|a}-
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A-boundedness

Ba(H) ={T € B(H)|3c >0Vhe H: |[Th|la < c||h|a}
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A-boundedness

Ba(H) ={T € B(H)|3c >0Vhe H: |[Th|la < c||h|a}
We equip Ba(H) with the seminorm || - || 4.
IThila _

heR(A), h£0 A Jlhlla<t
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A-boundedness

Ba(H) ={T € B(H)|3c >0Vhe H: |[Th|la < c||h|a}
We equip Ba(H) with the seminorm || - || 4.

Th
ITha= sup A _ g7y

heR(A), h£0 1Al aja<t

| A\

A-adjoint

For T € Ba(H), an operator S € Ba(H) is called
an A-adjoint of T if

A\
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A-boundedness

Ba(H) ={T € B(H)|3c >0Vhe H: |[Th|la < c||h|a}
We equip Ba(H) with the seminorm || - || 4.

Th
ITha= sup A _ g7y

heR(A), h£0 1Al aja<t

| A\

A-adjoint

For T € Ba(H), an operator S € Ba(H) is called
an A-adjoint of T if

(Th,f)a= (h,Sf)a, h,feH,

i.e., AS=T*A.

A\
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A-boundedness

Ba(H) ={T € B(H)|3c >0Vhe H: |[Th|la < c||h|a}
We equip Ba(H) with the seminorm || - || 4.

Th
ITha= sup A _ g7y

heR(A), h£0 1Al aja<t

| A

A-adjoint

For T € Ba(H), an operator S € Ba(H) is called
an A-adjoint of T if

(Th,f)a= (h,Sf)a, h,feH,

i.e., AS=T*A.
We say that T is A-selfadjoint if AT = T*A.

A

authors: W. Majdak, A.-N. Secelean, L. Suciu speaker: Witold Me  Ergodic properties of operators...



Existence and unigueness

If T € Ba(H), then S € Ba(H) such that
AS=T*A

need not exist.
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Existence and unigueness
If T € Ba(H), then S € Ba(H) such that

AS=TA

need not exist.

Note that B (H) C Ba(H)
(S. Hassi, Z. Sebestyén, H.S.V. de Snoo, 2005).
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Existence and unigueness
If T € Ba(H), then S € Ba(H) such that

AS=TA

need not exist.
Note that B (H) C Ba(H)
(S. Hassi, Z. Sebestyén, H.S.V. de Snoo, 2005).

If T € Bae(H), then S exists, but it may not be uniquely
determined. |
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Theorem [R.G. Douglas, 1966]

For L, R € B(#) the following conditions are equivalent:
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Theorem [R.G. Douglas, 1966]
For L, R € B(#) the following conditions are equivalent:

(i) R(R) C R(L),

(ii) there exists a positive number X such that RR* < ALL*,
(i) there exists C € B(H) such that LC = R.
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Theorem [R.G. Douglas, 1966]
For L, R € B(#) the following conditions are equivalent:
(i) R(R) C R(L),
(ii) there exists a positive number X such that RR* < ALL*,
(i) there exists C € B(H) such that LC = R.

If (i) holds, then there exists a unique operator S € B(#) such
that
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Theorem [R.G. Douglas, 1966]
For L, R € B(#) the following conditions are equivalent:
(i) R(R) C R(L),
(ii) there exists a positive number X such that RR* < ALL*,
(i) there exists C € B(H) such that LC = R.

If (i) holds, then there exists a unique operator S € B(#) such
that

LS = R, R(S) c R(L*) and N(S) = N(R).
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Theorem [R.G. Douglas, 1966]
For L, R € B(#) the following conditions are equivalent:

(i) R(R) C R(L),

(ii) there exists a positive number X such that RR* < ALL*,
(i) there exists C € B(H) such that LC = R.

If (i) holds, then there exists a unique operator S € B(#) such
that

LS = R, R(S) c R(L*) and N(S) = N(R).

If T has an A-adjoint S, then AS = T*A.
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Theorem [R.G. Douglas, 1966]
For L, R € B(#) the following conditions are equivalent:

(i) R(R) C R(L),

(ii) there exists a positive number X such that RR* < ALL*,
(i) there exists C € B(H) such that LC = R.

If (i) holds, then there exists a unique operator S € B(#) such
that

LS = R, R(S) c R(L*) and N(S) = N(R).

If T has an A-adjoint S, then AS = T*A.
By the Douglas theorem, we can find a unique T4 such that

ATy = T*A, R(Ta) € R(A) and N (Ta) = N(T*A).
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Theorem [R.G. Douglas, 1966]
For L, R € B(#) the following conditions are equivalent:
R(R) C R(L),
(ii) there exists a positive number X such that RR* < ALL*,
(i) there exists C € B(#) such that LC = R.

If (i) holds, then there exists a unique operator S € B(#) such
that

LS = R, R(S) c R(L*) and N (S) = N(R).

If T has an A-adjoint S, then AS = T*A.
By the Douglas theorem, we can find a unique T4 such that

ATy = T*A, R(Ta) € R(A) and N (Ta) = N(T*A).
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T € Ba(H) is A-power bounded if suppey || 77|14 < oo.

A-power boundedness J
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A-power boundedness

T € Ba(H) is A-power bounded if suppey || 77|14 < oo.

For T € Ba(H) the following conditions are equivalent:

(a) T is A-power bounded,
(b) Ty41/2 is power bounded on H,
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Theorem
Let T € Ba(H) be an A-power bounded operator. Then

n—o0

lim Hlnqu/{‘1/2h—QhHA:0, he, (1)
j=0

where Q € B(H) is the ergodic projection of T4i,2. Moreover,
Q € Ba(H) if and only if there exists P € B(H) such that

n—oo

lim ngTfh—PhHA:O, heH. 2)

In this case, P € Ba(H), P is an A'/?-adjoint of Q, and
PA1/2 = Q
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In addition, if T, P € Bs(#), then

n—oo

lim H:,nfé Thh—Pah|| =0, hew,
=

and (PA)A1/2 = Q.
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In what follows, we put

N :=NAVZ-A2T), N.:=N(A2-T A2
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In what follows, we put

N :=NAVZ-A2T), N.:=N(A2-T A2

Theorem

Suppose that T € Ba(H) is A-power bounded operator
and the ergodic projection Q of T,i,2 belongs to Ba(#).
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In what follows, we put

N :=NAVZ-A2T), N.:=N(A2-T A2

Theorem

Suppose that T € Ba(H) is A-power bounded operator
and the ergodic projection Q of T,i,2 belongs to Ba(#).
Then TFAE:

(i) Qis A'/2-selfadjoint, i.e., A'/2Q = Q*A'/2,
(ii) liMno0 |12 Y720 T/h — Qhl[a =0,
(i) N =N,
(iv) A1/2N — A1/2N*.
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In what follows, we put
N =N(A2 - AV2T), N, :=N(AV2 - T*A/2),

Theorem
Suppose that T € Ba(H) is A-power bounded operator
and the ergodic projection Q of T 1,2 belongs to Ba(H).
Then TFAE:

(i) Qis A'/2-selfadjoint, i.e., A'/2Q = Q*A'/2,

(ii) liMno0 |12 Y720 T/h — Qhl[a =0,

(i) N = N,

(iv) AN = A2\,

| A

Definition
Under assumptions of the above theorem, if one of the above
condition holds, then we say that T is A-ergodic.
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Theorem

Suppose that T € Ba(H) is an A-power bounded operator for
some positive, injective operator A, such that T4,z is
orthogonally mean ergodic. Then TFAE:
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Theorem

Suppose that T € Ba(H) is an A-power bounded operator for
some positive, injective operator A, such that T4,z is
orthogonally mean ergodic. Then TFAE:

(i) T is orthogonally mean ergodic,
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Theorem

Suppose that T € Ba(H) is an A-power bounded operator for
some positive, injective operator A, such that T4,z is
orthogonally mean ergodic. Then TFAE:

(i) T is orthogonally mean ergodic,
(i) T is Cesaro ergodic and A-ergodic.
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Theorem

Suppose that T € Ba(H) is an A-power bounded operator for
some positive, injective operator A, such that T4,z is
orthogonally mean ergodic. Then TFAE:

(i) T is orthogonally mean ergodic,
(i) T is Cesaro ergodic and A-ergodic.

N,

Does always (/) = (ii)?

If the hypothesis that 7,2 is orthogonally mean ergodic is
dropped (i) does not imply (ii).
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Theorem

Suppose that T € Ba(H) is an A-power bounded operator for
some positive, injective operator A, such that T4,z is
orthogonally mean ergodic. Then TFAE:

(i) T is orthogonally mean ergodic,

(i) T is Cesaro ergodic and A-ergodic.

Does always (/) = (ii)?

If the hypothesis that 7,2 is orthogonally mean ergodic is
dropped (i) does not imply (ii).

Does always (i) = (i)?
We do not know.
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Theorem

Suppose that T € Ba(H) is an A-power bounded operator for
some positive, injective operator A, such that T4,z is
orthogonally mean ergodic. Then TFAE:

(i) T is orthogonally mean ergodic,
(i) T is Cesaro ergodic and A-ergodic.
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Theorem

Suppose that T € Ba(H) is A-power bounded operator

and the ergodic projection Q of T 1,2 belongs to Ba(H).
Then TFAE:

() Qis A‘/Z—selfadjoint i.e., AV2Q = Q*A'/2,
(i) liMnsoo |12 Y2720 TIh — Qhl|4 =0,

(i) N' = N,

(iv) AV2N = A1/2N,.
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Theorem
Suppose that T € Ba(H) is A-power bounded operator
and the ergodic projection Q of T 1,2 belongs to Ba(H).
Then TFAE:

() Qis A‘/Z—selfadjoint ie., A1/ZQ Q*A1/2,

(if) limp o0 |13 3575 ' TIh— Qhl|s =
(i) N = N,
(iv) AV2N = A1/2N,. ]

What happens in a special case?

When A = /, the previous theorem says that if an operator is
A-ergodic, it is just orthogonally mean ergodic.

A
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‘H - a separable Hilbert,
{en}52, - the orthonormal basis of #.
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Example

‘H - a separable Hilbert,

{en}52, - the orthonormal basis of #H. Let us consider the
unilateral weighted shift T € B(#) given by

n+2

Te, :=
en Nt

en+1, ne N
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Example

‘H - a separable Hilbert,
{en}52, - the orthonormal basis of #H. Let us consider the
unilateral weighted shift T € B(#) given by

n+2

Te, :=
en Nt

en+1, ne N

Some properties:

@ T is A-ergodic for some A,

@ T is not even Cesaro bounded.
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