
Rie²te za£iato£no-okrajovú úlohu

∂u
∂t − 3∂2u

∂x2 = t, ∂u
∂x (t, 0) = u(t, 1) = u(0, x) = 0.

Vlastné hodnoty a vlastné funkcie:

u′′ + λu(x) = 0, 0 < x < 1; u′(0) = u(1) = 0,

λn =
(

(2n− 1)π
2

)2

, un(x) = cos
(2n− 1)π

2
x.

Rie²enie v tvare

u(t, x) =
∞∑

n=1

cn(t)un(x) =
∞∑

n=1

cn(t) cos
(2n− 1)π

2
x

Fourierov rad funkcie f pod©a {un}:

f(t) = t =
∞∑

n=1

fn(t)un(x) =
∞∑

n=1

fn(t) cos
(2n− 1)π

2
x,

fn(t) =
1
2

∫ 1

0

t cos
(2n− 1)π

2
x dx = t

t(−1)n−1

(2n− 1)π
.

Dosadi´ u(t, x) do rovnice:
∞∑

n=1

[c′n(t) cos
(2n− 1)π

2
x+ 3

(
(2n− 1)π

2

)2

cn(t) cos
(2n− 1)π

2
x

=
∞∑

n=1

t
(−1)n−1

(2n− 1)π
cos

(2n− 1)π
2

x.

Porovnaním Fourierových koe�cientov a z nulovej za£iato£nej podmienky:

c′n(t) + 3
(

(2n− 1)π
2

)2

cn(t) = t
(−1)n−1

(2n− 1)π
, cn(0) = 0.

Rie²enie v tvare konvolu£ného integrála

cn(t) =
(−1)n−1

(2n− 1)π

∫ t

0

e−
3(2n−1)2π2

4 (t−s)s ds

=
(−1)n−1

(2n− 1)π
e−

3(2n−1)2π2

4 t

∫ t

0

e
3(2n−1)2π2

4 ss ds

=
4(−1)n−1

3(2n− 1)3π3

[
4

3(2n− 1)2π2
(e−t − 1) + t

]
Výsledné rie²enie

u(t, x) =
∞∑

n=1

4(−1)n−1

3(2n− 1)3π3

[
4

3(2n− 1)2π2
(e−t − 1) + t

]
cos

(2n− 1)π
2

x.
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