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k -reflexive cover

X finite dimensional complex Banach space,

L(X ) all linear operators and S ⊆ L(X ) non-empty,

k positive integer.

Definition
k -reflexive cover of S

Refk(S) = {T ∈ L(X ) :∀ ε > 0, ∀ x1, . . . , xk ∈ X : ∃S ∈ S :

‖Txi − Sxi‖ < ε ∀ i ∈ {1, . . . , k}}.

Linear subspace S ⊂ L(X ) is k -reflexive if Refk(S) = S.
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k -reflexivity defect and its properties

Definition
The k -reflexivity defect of S

rdk (S) = dim(Refk(S)/S).

S k -reflexive ⇐⇒ rdk (S) = 0,

rdk (S) ≥ rdk+1(S),

S(k) = S ⊕ · · · ⊕ S, S(k) := {S(k) : S ∈ S},

S k -reflexive ⇐⇒ S(k) reflexive,

rdk (S) = rd
(
S(k)

)
.
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Properties of k -reflexivity defect

rdk (S1 ⊕ . . .⊕ Sn) = rdk (S1) + . . .+ rdk (Sn),

A and B invertible ⇒ rdk (B S A) = rdk (S).

Proposition
X = X1 ⊕ . . .⊕XN , k ∈ N,

S = [Sij ] ⊆ L(X ) linear subspace.

Then:
(i) Refk(S) = [Refk(Sij)],

(ii) rdk (S) =
∑M

i=1
∑N

j=1 rdk (Sij),

(iii) S is reflexive ⇐⇒ Sij is reflexive ∀ i , j .
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Elementary operators

(A1, . . . , Ak ), (B1, . . . , Bk ) k -tuples of operators on X

Definition
Elementary operator with coefficients Ai , Bj is

∆(T ) = B1TA1 + B2TA2 + . . .+ BkTAk (T ∈ L(X )).

ker ∆ is k -reflexive, i.e., rdk (ker ∆) = 0,

j < k : rdj(ker ∆) = ?
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Elementary operators of length 2

Elementary operator of length 2 with coefficients A1, A2, B1, B2

∆(T ) = B1TA1 − B2TA2, T ∈ L(X ).

X ≡ Cn,

L(X ) ≡Mn the algebra of n-by-n matrices.

Question
How much is the reflexivity defect of ker ∆?
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Generalized derivations

A, B ∈Mn

Generalized derivation

δ (T ) = BT − TA, T ∈Mn.

ker δ = {T ∈Mn : BT = TA} space of intertwiners.

rdk (ker δ) = 0 for k ≥ 2.

Zajac:

ker δ reflexive ⇐⇒ all roots of gcd(mA, mB) are simple.
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Generalized derivations

k ∈ N, Jk the Jordan block of order k ,

(λ1 + Jp1)⊕ . . .⊕ (λN + JpN ) the Jordan canonical form of A,

(µ1 + Jr1)⊕ . . .⊕ (µM + JrM ) the Jordan canonical form of B,

R(i , j) :=

{ 1
2 min{ri , pj}

(
min{ri , pj} − 1

)
if µi = λj

0 otherwise.

Proposition

(i) rd(ker δ) =
∑M

i=1
∑N

j=1 R(i , j).

(ii) ker δ reflexive ⇔ all roots of gcd(mA, mB) are simple.
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Example: ∆(T ) = BTA− T

A, B ∈Mn,

ε(T ) = BTA− T (T ∈Mn),

rd(ker ε) = ?

Proposition
(i) 1 /∈ σ (A)σ (B) ⇒ ker ε reflexive.

(ii) rd (ker ε) =
∑

µi λj=1
1
2 min{ri , pj}

(
min{ri , pj} − 1

)
.
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Proof.
A similar to (λ1 + Jp1)⊕ . . .⊕ (λN + JpN ),

B similar to (µ1 + Jr1)⊕ . . .⊕ (µM + JrM ).

Define εij(T ) = (µi + Jri ) T (λj + Jpj )− T ,

I elementary operator on Mri ,pj , the space of all ri -by-pj complex
matrices.

⇓

rd(ker ε) =
M∑

i=1

N∑
j=1

rd(ker εij).
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Proof (cont.)
(µi + Jri ) T (λj + Jpj ) = T (T ∈Mri ,pj ),

I T eigenvector of (λj + Jpj )
T ⊗ (µi + Jri ) at eigenvalue 1.

σ
(
(λj + Jpj )

T ⊗ (µi + Jri )
)

= {λj µi},

λjµi 6= 1 ⇒ ker εij = {0},

λjµi = 1 ⇒ µi + Jri and λj + Jpj invertible.

I Define ε̃ij (T ) = (µi + Jri )T − T (λj + Jpj )
−1.

I ker εij = ker ε̃ij ,

I rd(ker εij ) = 1
2 min{ri , pj} (min{ri , pj} − 1).
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I Define ε̃ij (T ) = (µi + Jri )T − T (λj + Jpj )
−1.

I ker εij = ker ε̃ij ,

I rd(ker εij ) = 1
2 min{ri , pj} (min{ri , pj} − 1).
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Image of an elementary operator

(A1, . . . , Ak ), (B1, . . . , Bk ) k -tuples of operators on X ,

∆(T ) = B1TA1 + B2TA2 + . . .+ BkTAk (T ∈ L(X )),

ker ∆ is k -reflexive, i.e., rdk (ker ∆) = 0.

Question
Is im ∆ also k-reflexive?

Example
A, B ∈Mn,

τ (T ) = BTA (T ∈Mn),

ker τ and im τ are reflexive spaces.
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Image of an elementary operator

Definition
Annihilator of a nonempty subset S ⊆Mn

S⊥ = {C ∈Mn : tr (CS) = 0 for all S ∈ S}.

Lemma
∆ (T ) = B1TA1 + B2TA2 + . . .+ BkTAk elementary operator on Mn.

⇓

There exists an elementary operator ∆̃ such that (im ∆)⊥ = ker ∆̃.
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Proof.
Define

∆̃ (T ) = A1TB1 + . . .+ AkTBk (T ∈Mn).

If T ∈Mn, then

tr (∆(T )C) = tr (B1TA1C) + . . .+ tr (BkTAkC)

= tr (TA1CB1) + . . .+ tr (TAkCBk )

= tr (T (A1CB1 + . . .+ AkCBk ))

= tr (T ∆̃(C)).

Hence

C ∈ (im ∆)⊥ ⇔ ∆̃(C) ∈ (Mn)⊥ = {0}

⇔ C ∈ ker ∆̃.
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Image of an elementary operator

Fk all elements in Mn of rank k or less,

RefkS = (S⊥ ∩ Fk )⊥.

Example
There exists a generalized derivation δ on M3 such that im δ is not
2-reflexive.

δ (T ) = J3T − TJ3 (T ∈M3) ⇒ im δ is 3-reflexive.

(im δ)⊥ =
{( a b c

0 a b
0 0 a

)
: a, b, c ∈ C

}
.

(im δ)⊥ ∩ F2 ( (im δ)⊥ ⇒ im δ ( Ref 2 (im δ).

I im δ is not 2-reflexive,

I rd (im δ) = 2, rd2 (im δ) = 1.
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Thank you for your attention.
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