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k-reflexive cover

@ X finite dimensional complex Banach space,
@ L(X) all linear operators and S C L(X') non-empty,

@ k positive integer.
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k-reflexive cover

@ X finite dimensional complex Banach space,
@ L(X) all linear operators and S C L(X') non-empty,
@ k positive integer.

Definition

k-reflexive cover of S

Refy(S) ={T € L(X):Ve >0, VXq,...,x, € X: 3S€S:
ITx; — Sxj|| < e Vie{l,...,k}}.
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k-reflexive cover

@ X finite dimensional complex Banach space,
@ L(X) all linear operators and S C L(X') non-empty,
@ k positive integer.

Definition

k-reflexive cover of S

Refy(S) ={T € L(X):Ve >0, VXq,...,x, € X: 3S€S:
ITx; — Sxj|| < e Vie{l,...,k}}.

Linear subspace S C L(X) is k-reflexive if Refx(S) = S.
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k-reflexivity defect and its properties

Definition
The k-reflexivity defect of S

rdi(S) = dim(Refi(S)/S).
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k-reflexivity defect and its properties

Definition
The k-reflexivity defect of S

rdg(S) = dim(Refi(S)/S).

@ S k-reflexive <= 1dk(S) =0,
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k-reflexivity defect and its properties

Definition
The k-reflexivity defect of S

rdg(S) = dim(Refi(S)/S).

@ S k-reflexive <= 1dk(S) =0,

@ 1dy(S) > rdg41(S),
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k-reflexivity defect and its properties

Definition
The k-reflexivity defect of S

rdg(S) = dim(Refi(S)/S).

@ S k-reflexive <= 1d(S) =0,

@ 1dy(S) > rdg41(S),

e SW=8g...05, &K .={Sk. secs},
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k-reflexivity defect and its properties

Definition
The k-reflexivity defect of S

rdg(S) = dim(Refi(S)/S).

@ S k-reflexive <= 1d(S) =0,

@ 1dy(S) > rdg41(S),

e SHW=8ag...48 8K .={sK. secs},
o S k-reflexive <« S reflexive,

@ 1dy(S) = rd(SH).
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Properties of k-reflexivity defect

4 rdk(81 D...D Sn) = rdk(81) +...+ rdk(S,,),
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Properties of k-reflexivity defect

o rdk(81 D...D Sn) = rdk(S1) +...+ rdk(Sn),
@ Aand Binvertible = rdx(BS A) = rdk(S).
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Properties of k-reflexivity defect

o rdk(51 D...D Sn) = rdk(S1) +...+ rdk(Sn),

@ Aand Binvertible = rdx(BS A) = rdk(S).
Proposition

o X:X1 @...@XN, kEN,

@ S =[Sj] € L(X) linear subspace.
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Properties of k-reflexivity defect

o rdk(51 D...D Sn) = rdk(S1) +...+ I‘dk(Sn),

@ Aand Binvertible = rdx(BS A) = rdk(S).
Proposition

X=X1D.. DXy, k€N,

@ S =[Sj] € L(X) linear subspace.

Then:
(i) Refi(S) = [Refi(Sy)],
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Properties of k-reflexivity defect

@ rdi(S1 D ... ®Sn) =rdi(S1) + ... +rdk(Sn),
@ Aand Binvertible = rdx(BS A) = rdk(S).
Proposition
X=X1D.. DXy, k€N,
@ S =[Sj] € L(X) linear subspace.
Then:
(i) Refi(S) = [Refi(Sy)l,

(ii) rdi(S) = T4 SN rdi(Sp),
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Properties of k-reflexivity defect

o rdk(51 D...D Sn) = rdk(S1) +...+ I‘dk(Sn),
@ Aand Binvertible = r1dg(BS A) = rdk(S).
Proposition
e X=X18..dA, keN,
@ S =[Sj] € L(X) linear subspace.
Then:
(I) Refk(S) = [Refk(S,‘j)],
(i) rdi(S) = 1y /L4 rdk(S),

(i) Sisreflexive <= Sjisreflexive Vi, j.
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Elementary operators

@ (A1, ..., Ax), (By, ..., Bx) k-tuples of operators on X
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Elementary operators

@ (A1, ..., Ax), (By, ..., Bx) k-tuples of operators on X

Definition
Elementary operator with coefficients A;, B; is

A(T)=BiTA + BoTAx + ... + BkTAx (T € L(X)).
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Elementary operators

@ (A1, ..., Ax), (By, ..., Bx) k-tuples of operators on X

Definition
Elementary operator with coefficients A;, B; is

A(T)=BiTA + BoTAx + ... + BkTAx (T € L(X)).

@ ker A is k-reflexive, i.e., rdx(ker A) = 0,
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Elementary operators

@ (A1, ..., Ax), (By, ..., Bx) k-tuples of operators on X

Definition
Elementary operator with coefficients A;, B; is

A(T)=BiTA + BoTAx + ... + BkTAx (T € L(X)).

@ ker A is k-reflexive, i.e., rdx(ker A) = 0,

@ j<k: rdj(kerA) =7
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Elementary operators of length 2

Elementary operator of length 2 with coefficients A, Ay, By, Bo

A(T) =By TA; — B> TA,, T e L(X)
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Elementary operators of length 2

Elementary operator of length 2 with coefficients A, Ay, By, Bo

A(T) =By TA; — B> TA,, T e L(X)

e X =0C",
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Elementary operators of length 2

Elementary operator of length 2 with coefficients A, Ay, By, Bo

A(T) =By TA; — B> TA,, T e L(X)

e X =0C",

@ L(X)=M, the algebra of n-by-n matrices.
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Elementary operators of length 2

Elementary operator of length 2 with coefficients A, Ay, By, Bo

A(T) =By TA; — B> TA,, T e L(X)

e X =0C",

@ L(X)=M, the algebra of n-by-n matrices.

Question
How much is the reflexivity defect of ker A? J
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Generalized derivations

@ A BeM,
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Generalized derivations

@ A BeM,

@ Generalized derivation
5(TY=BT —TA, T €M,

Tina Rudolf (University of Ljubljana) Reflexivity defect of the kernel of some elemel



Generalized derivations

@ A BeM,

@ Generalized derivation
0(T)=BT —TA, T e M,.

@ kerd = {T e M,,: BT = TA}  space of intertwiners.
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Generalized derivations

@ A BeM,

@ Generalized derivation
0(T)=BT —TA, T e M,.

@ kero = {T e M, : BT = TA} space of intertwiners.
@ rdx(kerd) =0 for k > 2.
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Generalized derivations

0 A BeM,

@ Generalized derivation
0(T)=BT —TA, T e M,.

@ kero = {T e M, : BT = TA} space of intertwiners.
@ rdx(kerd) =0 for k > 2.

@ Zajac:

ker ¢ reflexive <= all roots of gcd(mu, mg) are simple.
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Generalized derivations

@ ke N, Jthe Jordan block of order k,
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Generalized derivations

@ ke N, Jthe Jordan block of order k,

@ (M +dp)®...®(AN+ Jpy) the Jordan canonical form of A,

@ (w1 +dJn)®...® (um +Jn,) the Jordan canonical form of B,
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Generalized derivations

@ ke N, Jthe Jordan block of order k,

@ (M +dp)®...®(AN+ Jpy) the Jordan canonical form of A,

@ (w1 +dJn)®...® (um +Jn,) the Jordan canonical form of B,

1 . . .
iy { amin{ri, pi} (min{r, pi} = 1) if i =
° A= { 0 otherwise.
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Generalized derivations

@ ke N, Jthe Jordan block of order k,

@ (M +dp)®...®(AN+ Jpy) the Jordan canonical form of A,

@ (w1 +dJn)®...® (um +Jn,) the Jordan canonical form of B,

1 . . .
iy { amin{ri, pi} (min{r, pi} = 1) if i =
° A= { 0 otherwise.

Proposition
(i) rd(kerd) = 34 SN R, f).
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Generalized derivations

@ ke N, Jthe Jordan block of order k,

@ (M +dp)®...®(AN+ Jpy) the Jordan canonical form of A,

@ (w1 +dJn)®...® (um +Jn,) the Jordan canonical form of B,

1 . . .
iy { amin{ri, pi} (min{r, pi} = 1) if i =
° A= { 0 otherwise.

Proposition
(i) rd(kerd) = 34 SN R, f).

(i) kero¢ reflexive <«  all roots of gcd(ma, mg) are simple.
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Example: A(T)=BTA—-T

@ A B e M,,
@ ¢(T)=BTA-T (T € M,),

@ rd(kere) =7
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Example: A(T)=BTA—-T

@ A B e M,,
@ ¢(T)=BTA-T (T € M,),

@ rd(kere) =7

Proposition
(i) 1¢0(A)o(B) = kere reflexive.
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Example: A(T)=BTA—-T

@ A B e M,,
@ ¢(T)=BTA-T (T € M,),

@ rd(kere) =7

Proposition
(i) 1¢0(A)o(B) = kere reflexive.

(ii) rd (kere) = 3, —1 3 min{r;, pj} (min{r;, pj} — 1).
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Proof.
@ Asimilarto (A +dp,) @ ... D (AN + Jpy),

@ Bsimilarto  (u1+Jn) @ ... ® (um + Jny)-
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Proof.
@ Asimilarto (M +Jp,) D ... D (AN + Jpy),

@ Bsimilarto  (u1+Jn) @ ... ® (um + Jny)-
© Define  €j(T) = (ui+Jp) T(N\j+Jp) — T,

elementary operator on My, 5, the space of all r;-by-p; complex
matrices.
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Proof.
@ Asimilarto (M +Jp,) D ... D (AN + Jpy),

@ Bsimilarto  (u1+Jn) @ ... ® (um + Jny)-

@ Define  ¢j(T) = (i +Jp) T(\j+dp) — T,

elementary operator on My, 5, the space of all r;-by-p; complex
matrices.

4

M N
rd(kere) = ) " rd(ker ;).

i=1 j=1

O]

v
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Proof (cont.)
© (ni+Jp) TN+dp)=T (T €Myp),

T eigenvector of (A + Jp )T ® (i + J;,) at eigenvalue 1.
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Proof (cont.)
© (ni+Jp) TN+dp)=T (T €Myp),

T eigenvector of (A + Jp )T ® (i + J;,) at eigenvalue 1.

° o ((N+ Jpj)T ® (wi +Jr)) = {N wity
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Proof (cont.)
© (ni+Jp) TN+dp)=T (T €Myp),

T eigenvector of (\; + Jp )T @ (ui + J;) at eigenvalue 1.

° o ((N+ Jpj)T ® (wi +Jr)) = {N wity
@ \ui#1 = kere;={0},
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Proof (cont.)
© (ni+Jp) TN+dp)=T (T €Myp),

T eigenvector of (\; + Jp )T @ (ui + J;) at eigenvalue 1.
0 o (N +Jp)T ® (i + Ji)) = {N it

@ \ui#1 = kere;={0},

@ Nui=1 = pj+J;and A+ Jp invertible.
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Proof (cont.)
© (ni+Jp) TN+dp)=T (T €Myp),

T eigenvector of (\; + Jp )T @ (ui + J;) at eigenvalue 1.

® o ((\j+ )T ® (i + Jp)) = {X it
@ \ui#1 = kere;={0},
@ Nui=1 = pj+J;and A+ Jp invertible.

Define & (T) = (s + Ji) T — T(Nj + Jp) -

Tina Rudolf (University of Ljubljana) Reflexivity defect of the kernel of some eleme September 2011 11/17



Proof (cont.)
© (ni+Jp) TN+dp)=T (T €Myp),

T eigenvector of (\; + Jp )T @ (ui + J;) at eigenvalue 1.

® o ((\j+ )T ® (i + Jp)) = {X it
@ \ui#1 = kere;={0},
@ Nui=1 = pj+J;and A+ Jp invertible.

Define & (T) = (s + Ji) T — T(Nj + Jp) -

kerej = ker &,
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Proof (cont.)
© (ni+Jp) TN+dp)=T (T €Myp),

T eigenvector of (\; + Jp )T @ (ui + J;) at eigenvalue 1.

® o (A + Jp)T @ (i + J)) = { N il

@ \ui#1 = kere;={0},

@ Nui=1 = pj+J;and A+ Jp invertible.
Define &; (T) = (i +Jy) T = T\ + Jp) "

kerej; = ker &,
rd(ker ;) = 5 min{r;, p;} (min{r;, pj} - 1).

September 2011
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Image of an elementary operator

@ (A, ..., Ax), (B, ..., Bx) k-tuples of operators on X,
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Image of an elementary operator

@ (A, ..., Ax), (B, ..., Bx) k-tuples of operators on X,
@ A(T)=B4TA1 + BoTAo + ... + B TA (T e L(X)),

Tina Rudolf (University of Ljubljana) Reflexivity defect of the kernel of some eleme September 2011 12/17



Image of an elementary operator

@ (A, ..., Ax), (B, ..., Bx) k-tuples of operators on X,
@ A(T)=B4TA1 + BoTAo + ... + B TA (T e L(X)),

@ ker A is k-reflexive, i.e., rdx(ker A) = 0.

Tina Rudolf (University of Ljubljana) Reflexivity defect of the kernel of some eleme September 2011

12/17



Image of an elementary operator

@ (A, ..., Ax), (B, ..., Bx) k-tuples of operators on X,
@ A(T)=B4TA1 + BoTAo + ... + B TA (T e L(X)),
@ ker A is k-reflexive, i.e., rdg(ker A) = 0.

Question
Isim A also k-reflexive? J
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Image of an elementary operator

@ (A, ..., Ax), (B, ..., Bx) k-tuples of operators on X,
@ A(T)=B4TA1 + BoTAo + ... + B TA (T e L(X)),

@ ker A is k-reflexive, i.e., rdx(ker A) = 0.

Question
Isim A also k-reflexive?

Example
@ A B e M,,
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Image of an elementary operator

@ (A, ..., Ax), (B, ..., Bx) k-tuples of operators on X,
@ A(T)=B4TA1 + BoTAo + ... + B TA (T e L(X)),
@ ker A is k-reflexive, i.e., rdg(ker A) = 0.

Question
Isim A also k-reflexive?

Example
@ A B e M,,

o 7(T)=BTA (T € M,),
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Image of an elementary operator

@ (A, ..., Ax), (B, ..., Bx) k-tuples of operators on X,
@ A(T)=B4TA1 + BoTAo + ... + B TA (T e L(X)),

@ ker A is k-reflexive, i.e., rdx(ker A) = 0.

Question
Isim A also k-reflexive?

Example
@ A B e M,,

o 7(T)=BTA (T € M,),

@ ker7 and im 7 are reflexive spaces.
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Image of an elementary operator

Definition
Annihilator of a nonempty subset S C M,

S, ={CeM,: tr(CS)=0forall S € S}.
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Image of an elementary operator

Definition
Annihilator of a nonempty subset S C M,

S, ={CeM,: tr(CS)=0forall S € S}.

Lemma
A(T)=BiTA1 + BoTA> + ... + B4 TAx  elementary operator on M.
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Image of an elementary operator

Definition
Annihilator of a nonempty subset S C M,

S, ={CeM,: r(CS)=0forall S e S}.

Lemma
A(T)=BiTA1 + BoTA> + ... + B4 TAx  elementary operator on M.

4

There exists an elementary operator A such that (im A) | = ker A.

Tina Rudolf (University of Ljubljana) Reflexivity defect of the kernel of some eleme September 2011 18/17



Proof.
Define

A(T)=ATBy + ...+ AcTBx

(T € Mp).
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Proof.

Define y
A(T)=A(TB; +...+ AcTBx (T € Mp).

If T € M, then

tr(A(T)C) = tr(B1TA1C) +...+tr(B(TAC)
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Proof.

Define y
A(T)=A(TB; +...+ AcTBx
If T € Mp, then
w(A(T)C) = t(ByTAC) +.
= tI'(TA1 CB1)
= tI'( (A1CB1 IF 000
— w(TA(C)).

(T € Mp).

.+ tr (B TAKC)
.+ tr (TAKCBk)
+ AxCBy))
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Proof.

Define y
A(T)=A(TB; +...+ AcTBx (T € Mp).
If T € M, then
tr (A(T)C) = tr(BiTA1C)+ ...+ tr (B TA(C)
= tr(TA1CBy) + ...+ tr (TAKCB)
= tI'( (A1 CBy+...+ AkCBk))
= tr(TA(C))
Hence

Ce (imA),
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Proof.

Define y
A(T)=A(TB; +...+ AcTBx (T € Mp).
If T € M, then
tr (A(T)C) = tr(BiTA1C)+ ...+ tr (B TA(C)
= tr(TA1CBy) + ...+ tr (TAKCB)
= tI'( (A1 CBy+...+ AkCBk))
= tr(TA(C))
Hence

Ce(imd), & A(C)e My, ={0}
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Proof.

Define y
A(T)=A(TB; +...+ AcTBx (T € Mp).
If T € M, then
tr (A(T)C) = tr(BiTA1C)+ ...+ tr (B TA(C)
= tr(TA1CBy) + ...+ tr (TAKCB)
= tI'( (A1 CBy+...+ AkCBk))
= tr(TA(C))
Hence

Ce(imd), & A(C)e My, ={0}

&  CekerA. O
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Image of an elementary operator

@ F, all elements in M, of rank k or less,

Tina Rudolf (University of Ljubljana) Reflexivity defect of the kernel of some elemel



Image of an elementary operator

@ F, all elements in M, of rank k or less,

@ Refi S = (SJ_ N Fk)J_.
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Image of an elementary operator

@ F, all elements in M, of rank k or less,

@ Refi S = (SJ_ N Fk)J_.

Example

There exists a generalized derivation § on M3 such that im é is not
2-reflexive.

v
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Image of an elementary operator

@ F, all elements in M, of rank k or less,

@ Refi S = (SJ_ N Fk)J_.

Example

There exists a generalized derivation § on M3 such that im é is not
2-reflexive.

@ 5(T)=JhT—-TJs (TeMz) = imdis 3-reflexive.

v
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Image of an elementary operator

@ F, all elements in M, of rank k or less,

@ Refi S = (SJ_ N Fk)J_.

Example

There exists a generalized derivation § on M3 such that im é is not
2-reflexive.

@ 5(T)=JhT—-TJs (TeMz) = imdis 3-reflexive.

° (im5)¢:{(§§§> :a, b, CE(C}.

v
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Image of an elementary operator

@ F, all elements in M, of rank k or less,

@ Refi S = (SJ_ N Fk)J_.

Example

There exists a generalized derivation § on M3 such that im é is not
2-reflexive.

@ 5(T)=JhT—-TJs (TeMz) = imdis 3-reflexive.
@ (imJd), = {(§§§> :a, b, CE(C}.

@ (imd), NF C (imé), = 1imJ C Refp (imJ).

v
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Image of an elementary operator

@ F, all elements in M, of rank k or less,

@ Refi S = (SJ_ N Fk)J_.

Example

There exists a generalized derivation § on M3 such that im é is not
2-reflexive.

@ 5(T)=JhT—-TJs (TeMz) = imdis 3-reflexive.
. abcey

0(1m5)l:{(88ta)>.a,b,C€(C}.

@ (imd), NF C (imé), = 1imJ C Refp (imJ).

im J is not 2-reflexive,
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Image of an elementary operator

@ F, all elements in M, of rank k or less,

@ Refi S = (SJ_ N Fk)J_.

Example

There exists a generalized derivation § on M3 such that im é is not
2-reflexive.

@ 5(T)=JhT—-TJs (TeMz) = imdis 3-reflexive.
. abcey

0(1m5)l:{(88ta)>.a,b,C€(C}.

@ (imd), NF C (imé), = 1imJ C Refp (imJ).

im ¢ is not 2-reflexive,
rd(imé) =2, rdp (imd) = 1.
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Thank you for your attention.
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