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Orientation: two classes of operator inclusions

We consider subdifferential inclusions

e history—dependent subdifferential inclusions
A(tyu(t)) + Su(t) + v* 0J(t,~yu(t)) > f(t) ae. t € (0,T)

e quasi—static subdifferential inclusions

{A(t)u’(t) + Bu(t) +v* 8J(t,yu(t)) > f(t) ae.t € (0,T)
u(0) = uyg

and the corresponding two classes of hemivariational inequalities.
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First class of problems: outline of the talk

e A class of history—dependent subdifferential inclusions
e A class of history—dependent hemivariational inequalities
e Application to a frictional quasistatic contact problem
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History—dependent subdifferential inclusions

e A class of history—dependent subdifferential inclusions

— Hemicontinuous and strongly monotone operator

— History dependent nonlinear operator

— Surjectivity result for pseudomonotone and coercive operator
— Fixed point argument

e A class of history—dependent hemivariational inequalities

— Nonconvex and locally Lipschitz potential on the contact boundary
— Existence result
— Uniqueness of solutions under Clarke regularity hypothesis

e A frictional quasistatic contact problem

— Two nonconvex potentials in subdifferential boundary conditions
— Nonlinear strongly monotone viscosity operator

— Lipschitz continuous elasticity operator

— Hemivariational inequality formulation in velocity

— Main results on existence, uniqueness and regularity of weak so-
lutions
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History—dependent subdifferential inclusions

Let 2 C R9 be an open bounded subset with a Lipschitz boundary 92
and I' C 012,

V C H'(Q;R®) aclosed subspace, s > 1,

H = L*(Q;R®) and Z = H°(;R%), § € (1/2,1).

Denoting by ¢: V' — Z the embedding, by v: Z — L?*(T';R®) and
vo: H'(2;R®) — HY2(T;R?) C L?(T; R?) the trace operators, we
have v,v = ~(2v) for all v € V. For simplicity, we write vov = ~wv for
alv e V.

From the theory of Sobolev spaces, we know that
(V,H,V*) and (Z,H,Z")

form evolution triples of spaces and V' C Z is compact.
Denote by ¢, the embedding constant of V' into Z.

Quasi-Static Hemivariational Inequalities with Applications, Nemeckd, September 2011



History—dependent subdifferential inclusions

We also introduce the following spaces
V = L*0,T;V), £ = L*0,T; Z) and ‘H = L?*(0,T; H),
where 0 < T' < +oo. Then
VCEZCHCZ CV
are continuous with Z* = L?(0,T'; Z*) and V* = L*(0,T; V*).

LetA: (0, T)XV - V*8:V —V*J: (0, T)xL*(T;R*) - R
and f: (0,T) — V* be given.

PROBLEM 1 Find w € 'V such that
A(t,u(t)) + Su(t) +~v*0J(t,yu(t)) > f(t) (1)
fora.e.t € (0,T).
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Subdifferential of a locally Lipschitz function

Given a locally Lipschitz function h: E — R, where E is a Banach
space, we define (Clarke (1983)):

¢ the generalized directional derivative of h at x € FE in the direction
v € E by

h tv) — h
h°(x;v) = lim sup (y + tv) (y)

y—x, t|0 t

e the generalized gradient of h at x by Oh(x), is a subset of a dual
space E* given by

Oh(x) = {¢ € E*: h’(z;v) > ({, V) .. forallv € E}.
The locally Lipschitz function h is called regular (in the sense of Clarke)

atx € FE ifforallv € E the one-sided directional derivative h'(x; v)
exists and satisfies h’(x; v) = h/(x;v) forallv € E.
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History—dependent subdifferential inclusions

To avoid any confusion, we note that the notation Sw(t) stands for
(Su)(t),ie. Su(t) = (Su)(t) forallu € Vandae.t € (0,T).

The symbol 8J denotes the Clarke subdifferential of a locally Lipschitz
function J (¢, ).

DEFINITION 2 A function u € V is called a solution to Problem 1 if and
only if there exists { € Z* such that

A(t, u(t)) + Su(t) + ¢(t) = f(t) aet € (0,T),
¢(t) € vy*8J(t,yu(t)) aet € (0,T).
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History—dependent subdifferential inclusions
We need the following hypothesis H (A):

A: (0,T) X V — V*is such that \
(a) A(-,v) is measurable on (0,T) for all v € V;

(b) A(t, -) is hemicontinuous and strongly monotone for a.e.
t E (O, T), |e <A(t, 'Ul) e A(t, ’U2),’U1 = v2>V*><V Z
Z m1||'l)1 — ’02”%/ for all V1, Vg € V with m, > 0;

(c) ||A(t,v)||v+ < ag(t) + aq||v]||yv forallv € V, ae. t € (0,T)
with ag, € LZ(O, T),CLO Z 0 and a; > 0;

(d) A(t,0) = 0forae.t € (0,T).
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History—dependent subdifferential inclusions
We need the following hypothesis H (S):

S: YV — V*is such that A
|Sus(t) — Sua(t)||v- < Ls/ |ui(s) — uz(s)||vds ¢
for allu,, u, € V, a.e.t € (0,T) with Ls > 0. )
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History—dependent subdifferential inclusions
The hypothesis H (S) is satisfied for S: YV — V* given by

t
Sv(t) = R(t,/ v(s)ds + vo) forallv € V, ae. t € (0,T),
0

where R: (0,T) X V — V*is such that R(-,v) is measurable on

(0, T) forallv € V, R(t,-) is a Lipschitz continuous operator for a.e.
t € (0, T)andvy € V.

It is also satisfied for the Volterra operator S: YV — V* given by
t
Sv(t) = / C(t— s)v(s)ds forallv eV, ae. t € (0,T),
0
where C' € L>=(0,T; L(V,V™)).
In the cases above the current value Sv(t) at the moment t depends on

the history of the values of v at the moments 0 < s < t and, therefore,
we refer the above operators as history-dependent operators.
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History—dependent subdifferential inclusions
We need the following hypothesis H (J):

J: (0,T) x L*(T'; R*) — Ris such that |
(a) J(-,u) is measurable on (0, T) for all u € L*(T'; R®);
(b) J(t,-) is locally Lipschitz on L*(T'; R®) fora.e. t € (0,T);

() 18T (t, w)l|[L2 i) < Co+ €1 ||| L2(ripe) for all
u € L*(T';R®), a.e. t € (0,T) with ¢y, c; > O;
(d) (Z1 — 22, U1 — UZ)L2(I‘;RS) > —m2||u1 — u2||i2([‘;Rs)
for all Z & BJ(t, ’UJi), Uiy Z2; € Lz(I‘, RS), 1 = ]., 2,
a.e. t € (0, T) with my > 0;
(e) JO(t, u; —u) < do (1 + ||u||r2@rs) forallu € L*(T;R?),
a.e.t € (0,T) with dy > 0.
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History—dependent subdifferential inclusions

LEMMA 3 Assume H (A) and f € V*. If one of the following hypotheses
i) H(J)(a)-(d) and m; > max{c;, my} ¢’ ||v||?
i) H(J)andm,; > m,c 7]
is satisfied, then the problem
A(t,u(t)) +~v*0J(t,yu(t)) > f(t) ae.t € (0,T)

has a unique solution u € V.

THEOREM 4 Assume H(A), H(S) and f € V*. If either (i) or (ii) of the
hypothesis of Lemma 3 holds, then Problem 1

A(t,u(t)) + Su(t) + v*0J(t,yu(t)) D f(t) ae.t € (0,T)

has a unique solution.
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History—dependent hemivariational inequalities

PROBLEM 5 Find w € 'V such that
(A(t,u(t)), v)vexy + (Su(t),v)v«xv +
+ / §O(t, yu(t); 70) dT > (£(E), 0)veny
r

forallv € V anda.e.t € (0,T).
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History—dependent hemivariational inequalities

We need the following hypotheses H (j):

j: T x (0,T) x R®* — R is such that )
(a) (-, -, &) is measurable on T' x (0,T) for all £ € R* and
3(-+,0) € LI(F X (0,T));
(b) j(x,t,-) is locally Lipschitz on R* for a.e.
(z,t) € T' x (0,T);
(C) ||8j(w7t7€)”RS S Co+ Cy ”£”RS for a.e. (wvt) cl' X (O,T),
all £ € R?* with 60,61 2 O;
(d) (€1 — ¢2) « (&1 — &) = —m,||& — & |3, forall §;, & € R?,
G € 9j(w,t,&),i=1,2, ae. (z,t) €' x (0,T)
with mqy > 0;
(e) 3°(z,t,& —€) < do (1 + ||€]|r-) forace. (z,t) € T x (0,T),
all ¢ € R* with dy > 0. )
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History—dependent hemivariational inequalities

THEOREM 6 Assume that H (A) and H (S) hold and f € V*. If one of the
following hypotheses

i) H(j)(a)-(d) and m; > max{Vv3¢,m,}c? ||
iy H(j)andmy > myc?||v||

is satisfied, then the hemivariational inequality in Problem 5 has a solution u €
V. If, in addition, the regularity condition

either j (x, t,+) or —j(x, t, -) is regular on R® for a.e. (x,t) € T'x (0, T)

holds, then the solution of Problem 5 is unique.
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A frictional contact problem — classical
formulation

We illustrate the use of a result for time-dependent hemivariational in-
equality in the study of a quasistatic contact problem in which the main
variable is the velocity field. A result on the unique weak solvability of
the contact problem is provided.

PROBLEM 7 Find the displacement field u: Q x [0, T] — R? and the
stress field o: 2 x [0, T] — S* such that, for allt € (0,T),

o(t) = At,e(u/ (1)) + B(t,e(u(t)))  inQ

Divo(t) + fo(t) =0 in
u(t) =0 onIp
o(t)v = fy(t) on 'y
—o,(t) € 95.(t,u,(t)) on I'c
—o.(t) € 95-(t,u_(t)) on I'c
u(0) = uyg in Q.
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A frictional contact problem — physical setting

a T, I
I' = 0N
Y
gap =0 Ty Q=Qx(0,T)
\ I'c %
VU
foundation

Q C R%is occupied by a viscoelastic body
I' =Tp UI'y UTI'¢c mutually disjoint measurable parts
I' - the contact surface

We suppose that the body is clamped on I' , and so the displacement
field vanishes there. Surface tractions of density f, act on I'y and
volume forces of density f, act in £2. We assume that the forces and
tractions change slowly in time so that the acceleration of the system is
negligible and, therefore, the process is quasistatic.
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A frictional contact problem — notation

We denote by S¢ the space of second order symmetric tensors on R¢
and by e(u) the linearized strain tensor. Let @ = 2 x (0,T), Xp =
I'p X (O, T), Y =I'n X (0, T) and EC =TI X (0, T),

The normal and tangential components of the displacement and stress
are denoted by
Vy, =V -V, UV =7— UV,

o, = (ov) v, o,=o0v—o,V.

We introduce the spaces
V={ve H(Q;RY) |v=00nTp}, H = L*(Q;S?.
The space ‘H is a real Hilbert space with the inner product given by

(O',T)H :/0'”(:13) . Tij(m) dx for all o, T € H.
Q

Since meas(I'p) > 0, it is well known that V' is a real Hilbert space
with the inner product (u, v)y = (e(u),e(v))y forallu, v € V.
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A frictional contact problem

We assume that the viscosity operator .A satisfies H (\A):

A: Q x S* — S?is such that
(a) A(-, -, €) is measurable on Q for all e € S%;
(b) A(x,t, ) is continuous on S¢ for a.e. (z,t) € Q);

(c) (A(z,t,e1) — Az, t,e2)) : (61 — €2) > muller — 2|2
for all ,,e, € S¢, a.e. (x,t) € Q with m 4 > 0;

(d) [|A(z, t,€)||se < @o(x,t) + @y||e||se forall e € §7,
a.e. (x,t) € Q withay € L*(Q),a, > 0anda; > 0;

(e) A(x,t,0) = 0fora.e. (x,t) € Q.
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A frictional contact problem
We assume that the elasticity operator B satisfies H (B):
B: Q x S* — S%is such that

(a) B(-, -, €) is measurable on Q for all e € S¢;

(b) [|B(z,t, 1) — B(z,t,€2)||se < Liller — es|se
for all ,,e, € S¢, a.e. (x,t) € Q with Lz > 0;

(C) B('7 *9 O) c Lz(Q; Sd).
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A frictional contact problem

We assume that the contact potential j, satisfies H (7,):

7u: 2c X R — Ris such that )

(a) 7.(+y+, ) is measurable on X for all » € R and
3u(+5+,0) € L'(X0);

(b) 3. (x,t, ) is locally Lipschitz on R for a.e. (z,t) € X¢;

(c) |97, (x,t,7)| < cop + cyp|r|forallr € R, ae. (x,t) € 3¢
with ¢g,, €1, > 0;

(d) (G — G)(r1 — 72) =2 —my,|ry — | forall §; € Oju(x,t, 1),
ri € R,e=1,2, ae.(x,t) € Xc withm, > 0;

(e) jAz,t,r; —r) < d, (1 + |r|) forallr € R,ae. (z,t) € X¢
with d, > 0.
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A frictional contact problem

We assume that the contact potential j, satisfies H (3,):

jr: Yo X R* — R is such that
(a) 7-(-, -, &) is measurable on X for all € € R* and
3 (+5+,0) € L'(Zc);
(b) j-(x,t,-) is locally Lipschitz on R for a.e. (z, t) € Xc;
(0) 195-(, t, €)1z < cor + cirl€]lzs forall € € RY,
a.e. (x,t) € X¢ with ¢cg,, 1> > 0;

(d) (€1 —C2) * (&1 — &) = —m,||&; — €2||I%&d for all
¢; € 9j-(z,t,§,),& € R, i =1,2, ae. (z,t) € X¢
with m., > 0;

(e) 3p(x,t, &5 —¢§) < d- (1 + ||€]|re) forall § € RY,
a.e. (x,t) € Xcwithd, > 0.
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A frictional contact problem

We assume that the volume force and traction densities, and the initial
displacement satisfy (Hy):

fo € L*(0,T; L*(;RY),  fn € L*(0,T; L*(Tn;RY)),
Uy € V.
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A frictional contact problem

Introducing the function f: (0, T) — V™ given by
(F(@), v)vexv = (fo(t), V)12 ey + (Fn(2), ) L2@pire)

forallv € V and a.e. t € (0,T), we are lead to the following varia-
tional formulation of Problem 7:

(At e(w'(£)))s £(v)) + (B(t, e((t))), €() )2 +
+ / (328w, ()3 v,) + 32(E wl(£);v,)) AT > (F(£), V)very

forallv € Vandae. t € (0,T).
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A frictional contact problem

Let w = u’ denote the velocity field. Then, by using the initial condition,
it follows that

u(t) = /Otw(s) ds + ug forall t € [0, T].

Therefore, the weak formulation can be formulated in terms of velocity:
PROBLEM 8 Find a velocity fieldw € V such that

(A(t, e(w(1))), £(v))n + (Bt / w(s) ds +w)),e(v)) +
+/1~ (95w (t);v0) + 32 (8 wo(t);v,)) AT > (f(t),v)vexv

forallv € V anda.e.t € (0,T).
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A frictional contact problem

Our main result in the study of Problem 8 is the following.

THEOREM 9 Assume that H (\A), H (B) and (H,) hold. If one of the fol-
lowing hypotheses

b H(j,)(a)-(d), H(j-)(a)-(d) and
m, > max {\/g(cly + ¢ir), My, mT} c, [1vII°
iy H(j,), H(j,) and m4 > max{m,,m,} ¢ |||
1s satisfied, then Problem & has at least one solution. If, in addition,

either j,(x,t,-) or — j,(x,t, ) is regular on R and
either j,(x,t,-) or — j.(x,t,-) is regular on R?
forae. (x,t) € X¢,

then the solution of Problem 8 is unique.
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A frictional contact problem — conclusion

Let w be a solution of Problem 8 and let w and o be the functions defined
by

u(t) = /O w(s) ds+uy and o(t) = A(t,e(u'(t)))+B(t, e(u(t))).

Then, the couple (u, o) is called a weak solution of the quasistatic fric-
tional contact problem.

We conclude that, under the hypotheses of Theorem 9, the quasistatic
frictional contact problem has at least one weak solution with the follow-
ing regularity

u € W(0,T;V), o € L*(0,T;H), Dive € L*(0,T;V*).

If, in addition, the regularity condition on 3, and 3, holds, then the weak
solution of Problem 7 is unique.
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Second class of problems: outline of the talk

e Abstract evolution inclusion of second order
e Limit process via vanishing acceleration approach
e Existence of solutions to quasi-static subdifferential inclusions

e Application to quasi-static viscoelastic contact with nonmonotone
normal compliance and friction
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Abstract evolution inclusion of second order

Let V and Z be separable Banach spaces and let H be a separable
Hilbert space. Suppose

VCZCHCZ CV®
with dense and continuous embeddings and that V' C Z compactly.
Define the spaces VY = L*(0,T;V), Z = L*(0,T;Z) and W =
{fveVv|v eV}
Consider the following second order evolution inclusion:

u”’(t) + A(t,u/(t)) + Bu(t) + F(t,u(t),u'(t)) > f(t) ae. t
©(0) = ug, v'(0) = u;.
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Hypotheses

H(A): A:(0,T) x V — V*is an operator such that

(i) A(-,v) is measurable on (0, T) forallv € V;

(ii) A(t, ) is pseudomonotone for every t € (0,T);

(iii) || A (¢, v)||v= < a(t) + b||v|| with @ € L*(0,T), a > 0,b > 0;

(iv) (A(t,v),v)vxy > a||v||’fora.e. t € (0,T), forallv € V with
a > 0.

H(B): B € L(V,V?™)ismonotone (nonnegative) and symmetric.
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H(F): F:(0,T) XV xV — 2% has nonempty, convex and

closed values and

(i) F(+,u,v) is measurable for all u, v € V;

(i) F(t,-,-)isuscfromV X V into w-Z* fora.e. t € (0,T), where
V x V is endowed with (Z X Z)-topology;

(il [|E(t,uyv)||z« < bo(t) + bil||u|| + ba||v]|| for w,v € V with
bo € L2(0,T), by, by, by > 0.

(Ho): fEV*,uOEV,’LLlEH.

(Hy) : o > 2v3c.(b,T + b,), where ¢, > 0 denotes the embed-
ding constant of Vinto Z, i.e. || - ||z < e « ||-

THEOREM 10 Under the hypotheses H(A), H(B), H(F'), (H,) and
(H,) the evolution inclusion admits a solution.
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A sequence of evolution problems

We provide a corollary of Theorem 10. For € > 0 we consider the
problem

eu”’(t) + A(t)u'(t) + Bu(t) + M*0J(t, Mu(t)) > f(t) ae.t
u(0) = wg, +/eu/(0) = u;.
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Hypotheses

H(A) : A € L*~(0,T;L(V,V*)) is such that A(t) is coercive
with a constant « > 0 for a.e. t € (0,T).

H(B): B € L(V,V?™)ismonotone (nonnegative) and symmetric.

H(J): J:(0,T) x X — Ris a function (with X being a Banach

space) such that

(i) J (-, x) is measurable on (0, T) forall x € X;

(i) J(t,-) is locally Lipschitz on X fora.e. t € (0,T);

(i) ||OJ(t, x)||x+ < €(1 + ||z||x) forall X € X,ae. t € (0,T)
with ¢ > 0.

H(M): MeL(Z X).

(Hy): feVi,u€eV,u € H.

(Hy) : o > 2¢Tc||M| max{1,]| M|}, where c. > 0 is an
embedding constant of V' into Z and | M || = || M||z(z,x)-
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Asymptotic analysis via vanishing acceleration

THEOREM 11 If hypotheses H(A), H(B), H(J), H(M), (H,) and
(H) hold, then for every fixed e > 0 the problem

u(0) = ug, +/eu/(0) = u,

admits at least one solution u. € V such thatu € W.
There exists u € L>(0,T; V') withu' € VW and the following conver-
gences hold

{su”(t) + A(t)w'(t) + Bu(t) + M*8J(t, Mu(t)) > f(t) ae.t

u. — u weakly*in L>=(0,T;V)

u. — u’ weaklyin V

Veu. — 0 weakly*in L>(0,T; H)
eu! — 0 weakly in V*

as e — 0. Moreover, the limit function w is a solution to the problem

{A(t)u’(t) + Bu(t) + M*8J(t, Mu(t)) > f(t) aetc (0,T)
u(0) = wuy.
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Application to quasi-static viscoelastic contact

We consider the mechanical problem of quasi-static viscoelastic contact
with nonmonotone normal compliance and friction: find a displacement
field w: Q — R such that

—Divo(t) = fo(t) inQ

o(t) = C(t)e(u'(t)) + Ge(u(t)) nQ
u(t) =0 on T'p x (0,T)

o(t)v = fi(t) on 'y X (0,T)
—o,(t) € 33,(t,u,) on T'c X (0,T)
—o.(t) € 9j-(t,u,) on I'c x (0,T)
u(0) = ug in Q.
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Weak solutions to the mechanical problem

We obtain the following hemivariational inequality: find w: (0,T7) — V
such thatuw € L>*(0,T;V),u € V and

(A@©w(R) + Bu®),0) + | (52t wiv) + 32t ursv,)) dT >

| > (f(t),v) ae. te (0,T), foralv eV
L u(0) = u,

where
V={ve H(Q;RY) |v=00nTp}.

Under natural hypotheses, applying Theorem 11, we deduce the exis-
tence of at least one solution to the hemivariational inequality with the
following regularity w € L>(0,T; V) withu' € V.
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More details can be found in recent papers:
S. Migorski, A. Ochal and M. Sofonea, History-dependent subdifferential
inclusions and hemivariational inequalities in contact mechanics, Nonlinear

Anal. Real World Appl., 12 (2011), 3384-3396

S. Migorski and A. Ochal, Quasistatic hemivariational inequality via vanish-
ing acceleration approach, SIAM J. Math. Anal., 41 (2009), 1415-1435

and in a forthcoming book:
S. Migorski, A. Ochal and M. Sofonea, Nonlinear Inclusions and Hemi-

variational Inequalities. Models and Analysis of Contact Problems, Springer
Science, Business Media, 2012.
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Questions ?

Thank you very much !

stanislaw.migorski@uj.edu.pl
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