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H – complex separable Hilbert space
B(H) – algebra of bounded linear operators onH

W ⊂ B(H) – subalgebra withI
LatW = {L ⊂ H : AL ⊂ L for all A ∈ W}
Alg LatW = {B ∈ B(H) : LatW ⊂ LatB}
W ⊂ Alg LatW ⊂ B(H)
W is reflexive

df⇐⇒W = Alg LatW

A ∈ B(H) dist(A,W) = inf{‖A− S‖ : S∈ W}
α(A,W) = sup{‖(I − P)AP‖ : P ∈ LatW}
usually α(A,W) 6 dist(A,W)

W is hyperreflexive
df⇐⇒ there is a constantκ such that

dist(A,W) 6 κ α(A,W) for all A ∈ B(H)
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W ⊂ B(H)
W hyperreflexive⇒W reflexive

dimH < ∞
W hyperreflexive⇐⇒W reflexive

T ∈ B(H)
T is reflexive (hyperreflexive)⇐⇒W(T) is reflexive (hyperreflexive)
where
W(T) – the smallest subalgebra ofB(H) with I containingT
and closed in WOT
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S is apartial isometry⇐⇒ SS∗, S∗Sare projections
S is apower partial isometry⇐⇒ Sn is partial isometry for alln

Example

a unilateral shift: as(x0, x1, . . . ) = (0, x0, x1, . . . )
a backward shift: a∗s(x0, x1, . . . ) = (x1, x2, . . . )
a truncated shift: ak(x0, x1, . . . , xk−1) = (0, x0, x1, . . . , xk−2).
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Model for power partial isometry (Halmos, Wallen 1970)
S– power partial isometry
H = Hu(S)⊕Hs(S)⊕Hc(S)⊕Ht(S)
Hu(S), Hs(S), Hc(S), Ht(S) reduceSand
Su = S|Hu(S) – unitary
Ss = S|Hs(S) – unilateral shift of arbitrary multiplicity
Sc = S|Hc(S) – backward shift of arbitrary multiplicity
St = S|Ht(S) – possibly infinite direct sum of truncated shifts.
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Theorem (Sarason 1968)

The unilateral shift as is reflexive.

a∗s is reflexive
ak is not reflexive
ak ⊕ ak−1 is reflexive
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Reflexivity of power partial isometries was studied
by E. A. Azoff, W. S. Li, M. Mbekhta, M. Ptak.

Theorem

S – power partial isometry with absolutely continuous unitary part.
Then S is reflexive⇐⇒
certain condition on block sizes of truncated part
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Problem

Characterize hyperreflexivity of power partial isometry.

Theorem (Davidson 1987)

The unilateral shift as is hyperreflexive.

a∗s is hyperreflexive
ak is not hyperreflexive
ak ⊕ ak−1 is hyperreflexive
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S– power partial isometry
Pn = S∗nSn, Qn = SnS∗n for all positive integersn.
Pn, Qn decreasing
dk = dimR(Pk−1(Q0−Q1))
dk = dimR(Pk−1(Q0−Q1))	R(Pk(Q0−Q1)) for k ∈ N
d∞ = d∞ = dim

⋂
k∈NR(Pk−1(Q0−Q1))

the numberdk says how many forward shifts (truncated or not) of order
at leastk are in operatorS,

the numberdk says how many forward shifts (truncated or not) of order
exactlyk are in operatorS.

Symmetrically
d
∗
k = dimR(Qk−1(P0− P1)),

d∗k = dimR(Qk−1(P0− P1))	R(Qk(P0− P1)) for k ∈ N,
d
∗
∞ = d∗∞ = dim

⋂
k∈NR(Qk−1(P0− P1)).
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Theorem

Let S∈ B(H) be a completely non–unitary power partial isometry.
If

(i) d∞ > 0 or

(ii) d∗∞ > 0 or

(iii) there is k0 ∈ N such that dk = 0 for k > k0 and dk0 + dk0−1 > 2

then S is hyperreflexive.
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Proof:
Case 1 – condition (i) is fulfilled.
W := W(as⊕ St) ⊂ B(l2+ ⊕ H),
where
St = ⊕m

i=1aki , H = ⊕m
i=1Hki or

St = ⊕∞i=1aki , H = ⊕∞i=1Hki .
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Hadwin made another (but equivalent) approach to hyperreflexivity.

S ⊂ B(H) – a weak∗-closed subspace.
S is hyperreflexive if
there is a numberκ such that
ball(S⊥) ⊂ κ co(S⊥ ∩ ballF1)

where
ball – the unit ball
S⊥ – the preannihilator ofS
co– the closed convex hull
F1 – the set of rank-one operators
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P, Q ∈ B(H) – projections
P •Q : B(H) → B(H)
P •Q(A) = PAQ is an idempotent

Theorem (Hadwin)

S ⊂ B(H) – weak∗-closed subspace,
P, Q – projections,
P •Q(S) – hyperreflexive
S ∩ kerP = {0}.
Then
P •Q >S,r IH • IH for some r> 0⇒ S is hyperreflexive.
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(τc)∗ = B(H)

P, Q – projections,
P •Q : B(H) → B(H)
(P •Q)∗ : τc→ τc
(P •Q(A), t) = (A, (P •Q)∗(t))
(P •Q)∗(F1) ⊂ F1

P1 •Q1 r-dominates P2 •Q2 with respect toS (r > 0)
P1 •Q1 >S,r P2 •Q2

iff
ball((P2 •Q2)∗(τc)) ⊂ r co(ball((P1 •Q1)∗(τc)) ∪ (S⊥ ∩ ballF1)).
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Theorem (Hadwin)

S ⊂ B(H)– weak∗-closed subspace,
P1, Q1, P2, Q2 – projections
P1 •Q2(S) = {0},
P2 •Q1(S) = {0},
π : P1 •Q1(S) → P2 •Q2(S) weak∗ – continuous,
S has property A1(1).
Then P1 •Q1 >S,7r P2 •Q2 with any r> ‖π‖.

S hasproperty A1(1) if
for any weak∗-continuous functionalφ onS there isg ∈ F1 with
‖g‖1 ≤ (1 + ε)‖φ‖ such thatφ(S) = tr(Sg) for S∈ S.
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P1 ∈ B(l2+ ⊕ H) – projection ontol2+
P2 ∈ B(l2+ ⊕ H) – projection ontoH.
ClearlyP1 • P1 >W,1 P1 • P1.
Also P1 • P1 >W,1 P1 • P2 andP1 • P1 >W,1 P2 • P1.
We can show that
P1 • P1 >W,7r P2 • P2 for anyr > 1.
I l2+⊕H • I l2+⊕H = P1 • P1 + P1 • P2 + P2 • P1 + P2 • P2

thusP1 • P1 >W,28r I l2+⊕H • I l2+⊕H with anyr > 1.

W(as) = P1 • P1(W) is hyperreflexive
thenW(as⊕ St) is hyperreflexive.
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