Metdda najmensSich Stvorcov

Priklad 1
» x=1:10; y=rand(1,10)*20-10;

Zadané hodnoty X,y budeme postupne aproximow@lynémami rdznych stufov.
NajjednoduchSie — zhdiska narénosti prikazov v Matlabe — je postup@vanalogickou
cestou ako bol vyt interpol@éného polyndmu cez Van der Mondovu maticu.

» V=vander(x);

Tato matica nam dovaje najs interpola&ny polyndm 9 stugga. Ak chceme aproximova
dané hodnoty polynémom nizSieho stap musime na to pouZziprisiusny mensi pet
stipcov matice V.

Linearna aproximécia — pouzijeme posledné difcetVan der Mondovej matice V (matlab
vyrdba Van der Mondovu maticu tak, Ze najvysSiemmcx su Yavo). Moznosti su dve, ide
totiz o H'adanie zovSeobecneného rieSenia:

»a=V(:, 9:10)\y'
a=
-5.176064950438405e -001
5.502693241403512e+000

» aa=pinv(V(:,9:10))*y'
aa=
-5.176064950438405e-001
5.502693241403510e+000

Rezidualny séet Stvorcov:
» rs=polyval(a,x)-y; rss=rs*rs'

rss= 3.262546301265631e+002
Obrazok:




Obrazok ukazuje, Ze skdst s priamkou je doszufalé...
Skusme 3. stupie
» a=V(;,7:10)\y'
» rs=polyval(a,x)-y; rs*rs'
ans = 2.599959839750684e+002
RSS je stale J#&y, to ani nejdeme kresli..

Pridajme — 7. stupe
» a=V(;,3:10)\y'
» rs=polyval(a,x)-y; rs*rs'
ans = 1.882033514323069e+002

Stale je to vEa...
UZ sme na konci — eSte 8. sti@ekoniec. 9. stugige interpolécia...

» a=V(:;,2:10)\y'
» rs=polyval(a,x)-y; rs*rs'
ans = 1.778851326905628e+002

RSS je v druhom pripade o kiisok menSie, ale ndst@ja ré. Su to katastrofalne hodnoty,
zadanie vyzerd ako mn$-odolné. S rastucimistoppolyndmu sa RSS zmenSuje len malo.
Samozrejme, 9. stupeo okamzZite zrazi na nulu (vyskuSajte).

Odolnos zadanych hodnét ¥opokusom ich aproximovge pochopiténa. Ziskali
sme ich cez rand, a ak su hodnoty sknéonahodné, znamena to prave to, Ze sa vymykaju
akejkd'vek pravidelnosti vyjadritaej funkinym predpisom.



Priklad 2:
Trochu lepSie zadanie ziskame, ak napr. usporiadi@maheoty y potia ve’kosti.

» y=sort(y)

Pozrime sa jednym Supom na rss pri aproximacii ipityami réznych stumv. Zaneme
priamkou a sko¥ime 8. stupom:

» for i=9:-1:2, a=V(:,i:10)\y"; rs=polyval(a,x)-yss=rs*rs'; [10-i, rss], end

stupé polyndmu RSS

1.000000000000000e+000 1.959035262430398e+001
2.000000000000000e+000 1.10727446234498%e+00
3.000000000000000e+000 6.11515965285377%=+00
4.000000000000000e+000 3.582761215320212=+00
5.000000000000000e+000 3.44834162014955&=+00
6.000000000000000e+000 2.47704621137015T=+00
7.000000000000000e+000 2.42502788888945%=+00
8.000000000000000e+000 6.05199804049807e -0

Tieto hodnoty RSS su uz prijéitejSie. Po 4. stufigo klesa vzdy zhruba na polovicu, potom
sa tempo klesania spomali. AZ pri 8. stupni to xyegSie poskéi k nule, ale to uz je takmer
interpolacia. Nakreslime si prvé Styri aproximacie:

» Xxh=1:0.001:10; plot(x,y,'or"), hold on

» a=V(:,9:10)\y"; yh=polyval(a,xh); plot(xh,yh,'y")
» a=V(;,8:10)\y"; yh=polyval(a,xh); plot(xh,yh,'m’)
» a=V(:,7:10)\y"; yh=polyval(a,xh); plot(xh,yh,'c")
» a=V(;,6:10)\y"; yh=polyval(a,xh); plot(xh,yh,'g")




Priklad 3
Vratme sa k tomu prikladu, ktory robil pri interpolagiioblémy s presnésu.

» x=1:20; y=exp(0.1*x)+rand(1,20);
» V=vander(x);

Preskimame RSS pri aproximacii polyndmami 1. azsfina. Bude to sice dlhy vypis, ale
stoji za to ho preStudota

» for i=19:-1:2, a=V/(:,i:20)\y'; rs=polyval(a,x)-yss=rs*rs’; [20-i,rss], end

ans = 1.000000000000000e+000 6.274955927B&#10®0
ans = 2.000000000000000e+000 1.644107084%5269B0
ans = 3.000000000000000e+000 1.5583719056@#D0
ans = 4.000000000000000e+000 1.047118557@&6DH0
ans = 5.000000000000000e+000 1.046545412@83800
ans = 6.000000000000000e+000 1.0326006355832D0
ans = 7.000000000000000e+000 9.971772220580601
ans = 8.000000000000000e+000 9.414805580@@6201
ans = 9.000000000000000e+000 9.233544399124061
Warning: Rank deficient, rank = 10 tol = 5.6338¥
ans = 1.000000000000000e+001 9.087635163523661
Warning: Rank deficient, rank =9 tol = 1.098866.
ans = 1.100000000000000e+001 1.5593091936268H0
Warning: Rank deficient, rank = 8 tol = 2.15006%.
ans = 1.200000000000000e+001 6.901008178G@@32D0
Warning: Rank deficient, rank = 8 tol = 4.221062.
ans = 1.300000000000000e+001 9.604328892Fe#HO0
Warning: Rank deficient, rank =7 tol = 8.305863.
ans = 1.400000000000000e+001 2.0574827369e3001
Warning: Rank deficient, rank =7 tol= 1.637065.
ans = 1.500000000000000e+001 2.402543507£858D1
Warning: Rank deficient, rank =7 tol = 3.233666.
ans = 1.600000000000000e+001 2.7212801158443D1
Warning: Rank deficient, rank =7 tol = 6.39506%.
ans = 1.700000000000000e+001 3.016957651Z5001
Warning: Rank deficient, rank =7 tol = 1.266889.
ans = 1.800000000000000e+001 3.2947775116E34001

Vidime, Ze polyndm 2. stujp predstavuje hmatdtey pokrok v@i aproximécii priamkou.
Dalej v3ak, najma od 5. stg, u? RSS klesa Umi neochotne, skoro aZ nijak. To
neprekvapuje, dana funkcia v sebe skryva exponkenaiéd sa vimi ner&i s polyndmami.
ZaujimavejSi je fakt, Ze od 9. stigpmatlab zéne hlasf nedostatky v regularite matice, a ze
to nemysli ako plana hrozbu vidno z toho, Ze RS$aaras.

Skusime teda t®stie sinym pristupom — cez systém normalnych icovNajprv
zistime, ako bude vyzetaproximacia pre 1. a 2. stuppolynému.

1. stup@. Vyrobime normalny systém Ax=b a budeme ho fieSi
» A(1,1)=length(x); sx1=sum(x); A(1,2)=sx1; A(2,B; A(2,2)=x*X;

» b(1,1)=sum(y); b(2,1)=x*y",
» a=A\b



a= 4.528691792517926e-001
3.273043596417055e-001

Maticu sme zostavili tak, ako sme zvyknuti z teigkgich cviceni. Koeficienty a preto
vychadzaju v poradi od absolutneiena ku koeficientu pri najvy$sej mocnine. Matlaske/
vycislfovanie polynémov vSak pracuje s ¢p@m poradim koeficientom. Ndavoprave
prehodenie poradigsel v matici sluzi prikafliplr, na horedolné sla#iipud.

» a=flipud(a); rs=polyval(a,x)-y; rss=rs*rs'
rss = 6.274955927767786e+000

Vidime, Ze RSS je aZ na posledné miesto vypisualoyako pri vypote predoslou metddou.
Kreslime:
» Xh=1:0.01:20; yh=polyval(a,xh); plot(x,y,'or", xh)

2. stupé.

» A(3,1)=A(2,2); A(1,3)=A(2,2);

Sx3=(x.*x)*x"; A(3,2)=sx3; A(2,3)=sx3; A(3,3)=(X.¥(x.*x)";

» b(3,1)=(X.*X)*y";

» a=A\b

a= 1.703439857684603e+000

-1.376037083997021e-002
1.624117764198456e-002

» a=flipud(a); rs=polyval(a,x)-y; rss=rs*rs'
rss= 1.644107084126935e+000

Kreslime:
» hold on, yh=polyval(a,xh); plot(xh,yh,'g’)

Teraz nas zaujima, aké RSS budlu dawgsSie stupne aproxitiaého polynému.
Samozrejme, pitat’ to stupé za stugiom nie sme ochotni.



Hnead’ na z&iatok vyrobime maticu A a pravu stranu b pre 18pat. Z tychto hodnét
si budeme potom krok za krokom vybétarko, ka’ko bude treba. V matici A mame v
mocnin x, najvys$ou je sum&®x %, Vyrobime maticu A (na papieri si skuste,nasledujtce
prikazy robia):
» rx=ones(1,20); XX(1,:)=rx; for i=2:19, rx=rx.*¥X(i,:)=rx; end
» A=XX*XX";

Podobne vznikne ftec b:
» b=XX*y",

Vypocitame teraz jednym cyklom RSS pre vSetky aprogimégpolynomy stuje 1 az 18.

» for i=2:19, a=A(1:i,1:)\b(1:i,1); a=flipud(a)sepolyval(a,x)-y; rss=rs*rs'; [i-1,rss], end

ans = 1.000000000000000e+000 6.274955927 D&#0D0
ans = 2.000000000000000e+000 1.6441070841269®0
ans = 3.000000000000000e+000 1.5583719056&#0D0
ans = 4.000000000000000e+000 1.0471185570@62H0
ans = 5.000000000000000e+000 1.046545412083800
ans = 6.000000000000000e+000 1.0326006357&3D90
Warning: Matrix is close to singular or badly schle
Results may be inaccurate. RCOND = 6.4%432138.
ans = 7.000000000000000e+000 9.9717722207806Q1
Warning: Matrix is close to singular or badly schle
Results may be inaccurate. RCOND = 1.78&31R0.
ans = 8.000000000000000e+000 9.4148055801&3661
Warning: Matrix is close to singular or badly schle
Results may be inaccurate. RCOND = 4.6888223.
ans = 9.000000000000000e+000 9.233544414821601
Warning: Matrix is close to singular or badly schle
Results may be inaccurate. RCOND = 1.2089P5.
ans = 1.000000000000000e+001 8.9906947456@90Q1
Warning: Matrix is close to singular or badly schle
Results may be inaccurate. RCOND = 3.2667@&28.
ans = 1.100000000000000e+001 1.4743557333E3000
Warning: Matrix is close to singular or badly schle
Results may be inaccurate. RCOND = 3.8389836.
ans = 1.200000000000000e+001 7.6179190272846071
Warning: Matrix is close to singular or badly schle
Results may be inaccurate. RCOND = 2.6180%39.
ans = 1.300000000000000e+001 7.6288219292@40d@1
Warning: Matrix is close to singular or badly schle
Results may be inaccurate. RCOND = 4.0987142.
ans = 1.400000000000000e+001 7.5991921954@4061
Warning: Matrix is close to singular or badly schle
Results may be inaccurate. RCOND = 5.0866®44.
ans = 1.500000000000000e+001 7.580655865B&7081
Warning: Matrix is close to singular or badly schle
Results may be inaccurate. RCOND = 1.084ZR6.
ans = 1.600000000000000e+001 7.4930700659€30d@1
Warning: Matrix is close to singular or badly schle
Results may be inaccurate. RCOND = 2.8286349.
ans = 1.700000000000000e+001 7.3909037253¢20Q1
Warning: Matrix is close to singular or badly schle
Results may be inaccurate. RCOND = 4.0328152.
ans = 1.800000000000000e+001 7.4576409088+9601



Ten vypis vyzera desivo. UZ od 7. stapsa matlabt&zuje na zlé podmienky prace. Hodnoty
RSS su samozrejme lepSie ako pri Wtpacez neuplnd VanDerMondovu maticu, ale takisto
v 11. kroku zd#inaju stupé ¢o je jednozn&ny znak toho, Ze kazdym vySSim siom
polynédmu miera nepresnosti presahuje mieru pribi&sa k danym bodom.

Na rieny vypaiet je systém normalnych rovnic pohodinejSi akoenes preutenej
sustavy. Trpi vS8ak eSte viac neZz predoSly postiformpnosou malych a zaroverelativne
velmi velkych hodnét v matici sustavy. To znemaje v pripade vigkého pd@tu hodndt x
a ich vékého rozpéatia potat’ aproximacie polynomami vysSich stiqy.

Praktické rieSenie tychto nedostatkov je pomesungduché. Vo v&ine realnych
problémov je zaujimava a potrebnd iba aproximaolgrmami nizSich stuv — vyrazne
nizsich nez je pmet nameranych hodnét. Pri tychto Ulohach, ako moddiet na porovnani
RSS pre stupne 1 az 6, su vysledky oboch metod/paténé.

Nakoniec vyskuSajme obe metdédy na jednoduchSonmlagek kde nebudeme narézaa
hranice presnosti.

Priklad 4
» x=rand(1,12)*5; x=sort(x);
» y=rand(1,12)+log(x)*2;
» for i=11:-1:2, a=V(;,i:12)\y"; rs=polyval(a,x)-yss=rs*rs’; [12-i,rss], end

1.000000000000000e+000
2.000000000000000e+000

7.098594580DE38H0
2.512438441583600

ans =
ans =

ans =

3.000000000000000e+000

5.0229929257%1031

ans = 4.000000000000000e+000 4.753805313984601
ans = 5.000000000000000e+000 4.7500256138¢7061
ans = 6.000000000000000e+000 2.5371089954%6061
ans = 7.000000000000000e+000 2.2623394514@4001
ans = 8.000000000000000e+000 1.647724888@83001
ans = 9.000000000000000e+000 8.006897927284632
ans = 1.000000000000000e+001 2.131263731384062

Vysledky su prijaténé, RSS klesa. Skisme normalny systém:

» clear XX rx

» rx=ones(1,12); XX(1,:)=rx; for i=2:11, rx=rx.*¥X(i,:)=rx; end

» clear A b, A=XX*XX"; b=XX*y";

» for i=2:11, a=A(1:i,1:i)\b(1:i,1); a=flipud(a)srpolyval(a,x)-y; rss=rs*rs’; [i-1,rss], end

» for i=2:11, a=A(1:i,1:i)\b(1:i,1); a=flipud(a)sepolyval(a,x)-y; rss=rs*rs’; [i-1,rss], end

ans = 1.000000000000000e+000 7.098594580DE3EHO
ans = 2.000000000000000e+000 2.512438441%836H0
ans = 3.000000000000000e+000 5.0229929251&1941
ans = 4.000000000000000e+000 4.7538053133@4581
ans = 5.000000000000000e+000 4.7500256138¢7961
ans = 6.000000000000000e+000 2.5371089954%60@1
ans = 7.000000000000000e+000 2.2623394514£84001
ans = 8.000000000000000e+000 1.647724889T&10Q1

ans =
ans =

9.000000000000000e+000
1.000000000000000e+001

1.1301513969%4a01
1.400577629B@48a@1



Porovnajme hodnoty RSS ziskané obidvoma postup#&isil hodnotu zvyraznyme farebne:

7.098594580710850e+00(07.098594580710850e+000
2.512438441533657e+00(2.512438441533656e+000
5.022992925111937e-0015.022992925111941e-001
4.753805313934577e-0014.753805313934583e-001
4.750025613897964e-0014.750025613897963e-001
2.537108995456767e-0012.537108995456747e-001
2.262339451494990e-0012.262339451494962e-001
1.647724888653913e-0011.647724889111017e-001
8.006897927964332e-0021.130151396954471e-001
2.131263731384051e-0021.400577629194843e-001

Pri niZzSich stupoch aproxim&ného polyndmu sa obidva pristupy poroviiaée alebo
dokonca systém normalnych rovnic je o malo pre&nij$ 8. stupni sa situacia meni av 9.,
10. stupni sa vysledky sustavy normalnych rovnisimbra s riadnou rezervou.

Ulohy: Nakreslite grafy aproxingmych polynémov stuga 2 az 6 (réznymi farbami).

Pctitajte systém normalnych rovnic pre polyndom saugl. Mal by teoreticky vyjs
interpol&ny polyném. Vyjde?

Nakreslite graf polynomu, ktory ste dostali, polagenedzi body x,y. Zhodnite to,
¢o vidite. Pridajte graf interpalaého polynému ziskaného cez Vandermondovu sustavu
a porovnajte oba grafy.



Priklad 5

Metéda najmenSich Stvorcov sa neviaZze principiahae polynomy. Aproximova dané
hodnoty mdéZeme s pouZzitifiubovd’nej rozumne zvolenej mnoziny bazovych funkcii.
Uplatnit méZeme pritom obidva vySSie uvedené postupy, seejme s prislusnymi
Gpravami.

Majme zadané body x a v nich namerané hodnoty y:

>> x=sort(rand(14,1)*10-5);
>> y=x.*exp(x)+x. 2+rand(14,1)*2;

Pokusime sa n&jso najlepSiu aproximaciu v tvare
f=al*fl+a2*f2+a3*f3+a4*f4

kde:
>> fl=inline('2.”x";
>> f2=inline('3.7x’);
>> f3=inline('x."3");
>> f4=inline('1";

A. Vandermondovu maticu v pravom zmysle, ako smeohili doteraz, urobi nevieme a
rovnako nevyuzijeme prikaz vander. Musime sa tr&tzakladnej formulacii dlohy —
k preugenej sustave rovnic:
f(x)=y
¢o po rozpisani dava:
[fLx) f2(x) f3(x) f4(x)] *[alaa3ad]’ = vy
RieSenie sustavy v matlabe:

>> A=[f1(x) f2(x) f3(x) ones(length(x),1)];
>> a=Aly
a=
-3.401030268604144e+000
3.703555275763195e+000
-1.976289877974936e-001
1.868016742883224e+000

>> rs=A*a-y; rss=rs"rs
rss = 1.395422361732643e+001

B! To isté rieSme cez sustavu normalnych rovnic:

>> S=A%A;
>> b=A"y,
>>a=S\b



a=
-3.401030268604387e+000
3.703555275763232e+000
-1.976289877974905e-001
1.868016742883660e+000

>> rs=A*a-y; rss=rs'*rs
rss = 1.395422361732649e+001

Vysledky oboch metdd sa liSia na poslednych 2 aiie3tach vypisu. RSS je menSi v prvom
pripade, ale ide o nebadétyg rozdiel na poslednej pozicii.

Obréazok:
>> xh=-5:0.001:5;
>> yh=[f1(xh") f2(xh") f3(xh") ones(length(xh)]ia;
>> plot(x,y,'x’),hold on, plot(xh, yh', 'r")
400 ‘H‘
350+ \x
’\
300+ /
/
200 /‘/
/
/
Ulohy:

1. Najdite aproximaciu danych hodn6t x,y s pouzitiazovych funkcii

>> fl=inline('2.”x’);
>> f2=inline('4.”x");
>> f3=inline('1./x’);
>> f4=inline('x."4");
>> f5=inline('1+1./x."2");

2. Aproximujte dané hodnoty x,y polynédmom vhodnéhgma tak, aby ste dosiahli
RSS porovnaimé alebo lepSie ako v priklade 5.



