
(1) Rie²te okrajovú úlohu

4u = ∂2u
∂x2 + ∂2u

∂y2
= 0, 0 < x < π, 0 < y < 2,

u(0, y) = u(π, y) = 0 = ∂u
∂y

(x, 0) = 0, ∂u
∂y

(x, 2) = x.

u(x, y) = X(x)Y (y),
X′′(x)
X(x)

= −Y ′′(y)
Y (y)

= −λ,
Y ′′(y)− λY (y) = 0.
X ′′(x) + λX(x) = 0, X(0) = X(π) = 0,

λ > 0, X(x) = c1 cos
√
λx+ c2 sin

√
λx,

X(0) = c1 = 0, c2 = 1,

X(π) = sin
√
λπ = 0,√

λπ = nπ,
√
λ = n, n ∈ N,

λ ≡ λn = n2, X(x) ≡ Xn(x) = sinnx, n ∈ N.

Y ′′n (y)− n2Yn(y) = 0, n ∈ N,
Yn(y) = an coshny + bn sinhny.
Y ′n(y) = nan sinhny + nbn coshny.
Y ′n(0) = nbn = 0, ⇒ Yn(y) = an coshny, n ∈ N.

un(x, y) = Yn(y)Xn(x) = an coshny sinnx,

u(x, y) =
∞∑
n=1

un(x, y) =
∞∑
n=1

an coshny sinnx.

x = ∂u
∂y

(x, 2) =
∑∞

n=1 nan sinh 2n sinnx.

An = nan sinh 2n = 2
π

∫ π
0
x sinnx dx =

2
π

{[
x− cosnx

n

]π
0

+
∫ π

0
cosnx
n

dx
}

= 2(−1)n−1

n
.

an =
An

n sinh 2n
=

2(−1)n−1

n2 sinh 2n
, n ∈ N.

u(x, y) =
∞∑
n=1

2(−1)n−1

n2 sinh 2n
coshny sinnx.
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(2) Rie²te okrajovú úlohu
∆u(x, y) = 0, x2 + y2 < 9, x > 0, y > 0,
∂u
∂y

(x, 0) = u(0, y) = 0, ∂u
∂~n

(x, y) = 1, ak x2 + y2 = 9

r2∆u(r, ϕ) = r2 ∂2u
∂r2

+ r ∂u
∂r

+ ∂2u
∂ϕ2 = 0, 0 < r < 3, 0 < ϕ < π

2
.

u(r, ϕ) = R(r)Φ(ϕ),
r2R′′(r)+rR′(r)

R(r)
= −Φ′′(ϕ)

Φ(ϕ)
= λ

r2R′′ + rR′ − λR = 0, 0 < r < 3.
Φ′′ + λΦ = 0, 0 < ϕ < π

2
; Φ′(0) = Φ(π

2
) = 0.

λ > 0, Φ(ϕ) = c1 cos(
√
λϕ) + c2 sin(

√
λϕ),

Φ′(0) =
√
λc2 = 0⇒ c2 = 0, c1 = 1

Φ(π
2
) = cos(

√
λπ

2
) = 0⇒

√
λπ

2
= (2n− 1)π

2
, n ∈ N

λ ≡ λn = (2n− 1)2, Φn(ϕ) = cos(2n− 1)ϕ, n ∈ N

r2R′′n + rR′n − (2n− 1)2Rn = 0, 0 < r < 3;
Rn(r) = anr

2n−1, n ∈ N

un(r, ϕ) = Rn(r)Φn(ϕ), n ∈ N

u(r, ϕ) =
∑∞

n=1Rn(r)Φn(ϕ) =
∑∞

n=1 anr
2n−1 cos(2n− 1)ϕ,

1 = ∂u
∂r

(3, ϕ) =
∑∞

n=1 nan(2n− 1)32n−2 cos(2n− 1)ϕ,

An = (2n− 1)32n−2an = 4
π

∫ π
2

0
cos(2n− 1)ϕdϕ = 4(−1)n−1

(2n−1)π
,

an =
An

(2n− 1)32n−2
=

4(−1)n−1

(2n− 1)2π32n−2
, n ∈ N.

u(r, ϕ) =
∞∑
n=1

12(−1)n−1

(2n− 1)2π

(r
3

)2n−1

cos(2n− 1)ϕ.


