Priklady z Matematiky 3

Prvy tyzdeii

. N4jdite modul, hlavni hodnotu argumentu a zobrazte v komplexnej rovine
nasledujice komplexne &isla:

(a)

(b) —2

(c) —4,[4, m]
(@) #.[1,7 ]

. Zapiste nasledujice ¢isla v trigonometrickom a exponencidlnom tvare:

. Vypocitajte a napiste v algebrickom tvare:

(a) (1+v3i)", [-8]

(b) G505 (-1 — )

. Najdite vsetky korene rovnic a zobrazte ich v komplexnej rovine

(a) z3:i{w1—‘f—|— f—&- wgz—i.}
(b) 2,'4:—1,[11.)1:\é§+\é§i,w2:—§+ﬁi,w3: g f :@—gi.}
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(c) z* = 1—V3i, | ws = \‘Vﬁ(cos (11”) + isin (1—2”)) Wy = \f( (— 5 5
alebo wy = /2 (cos (& ’T)—l— L;) .

(d) 2*=1,[wy, = 1wy =4, w3 = —1,wy = —i.]

(e) 22 = —1. [wl =1 +z’§,w2 =-lws =3 —z?}



2 Druhy tyzden

Vypocitajte krivkové integraly:

1.

10.

11.

12.

13.

14.

Jo %_yds,kde C je tsecka od bodu [0, —2] po bod [4,0]. [v5In2.]
fC xds, kde C je ¢ast paraboly y = 22 medzi bodmi [2,4] a [1,1]. [@}
fc 22ds,kde C je cast' grafu y = Inz,kde 1 < 2 < 2. {M}

Jo Va2 +y2ds, kde C je kruznica 2% 4 y* = z. [2/]

Jo ®*yds, kde C je oblik kruznice 2 4+ y* = a?, s koncovymi bodmi [a, 0]

a [0,qa]. [%]

fc zyds,kde C' je obvod obdiznika ohrani¢eny priamkami z = 0,z =
4,y=0,y =2 [24]

Je s 2’ ds, kde C je cast paraboly y? = 2z, ye (vV2,2). [2V6 - 1V3]

Jo —dx + arctg £dy, kde C sa skladd z oblikov AB a BA, pricom AB je

oblik paraboly y = 22, od bodu A = (0,0), po bod B = (1,1) a BA je
usecka od bodu B do bodu A. [f — 1]

Jo (2% + y?) do+(2® — y?) dy, kde C je cast grafu funkciey = 1—-|1 — |, 0 <

z <2, so zaciatotnym bodom [0, 0] . [%]

fC (w — sz) dz + (y — 2:cy) dy,kde C je krivka y = 22, z bodu [~1,1]
po bod [1,1]. [—1%.]

fc ydz + xdy,kde C je Cast’ kruznice x = acost,y = asint, t € <0, g>,
kde [a, 0] je zaciatoény bod. [0.]

fC %yw)dy kde C je kruznica 2% + y?> = a?, kladne orientovan.
[—27]

xdz+yd PP
Jo \/%,kde C je tsetka z bodu (1,—1) po bod (4,0). [4 — V2]
Vypocitajte integral fc 2+ 2 dx — 2+ 54> dy,kde C je oblik AB kruznice
22 +y? = a® od bodu A = (a,0) cez bod C = (0,a) po bod B = (—a,0).
[—n]

Pouzitim Greenovej vety vypocitajte integrély:

15.

/. c y2dx + zdy, ak C je hranica stvorca ohranic¢ens priamkami z =1, z =
-1,y =1, y = —1, ktord je kladne orientovand. [4.]



16.

17.

18.

19.

20.

fc % arctg Ldx + %arctg gdy, kde C je hranica oblasti 1 < 22 4+ 92 <
4, z < y < v/3z,ktora je kladne orientovana. [% In 2.]

fc (33:2 cosy —y3, x3 — 23 sin y) ds, kde C je kladne orientovand krivka

dand vztahom z? 4+ y2 = 1. [%71’]

/. o —dz+arctg Zdy,kde C' je kladne orientovand uzavretd krivka pozosta-
vajtica z obliika paraboly y = 22, od bodu A = (0,0), po bod B = (1,1)
a z tsecky z bodu B = (1,1) po bod A = (0,0). [F — 1]

Jo€* (1 —cosy)dx — e* (1 —siny) dy,kde C je kladne orientovand uza-
vretd krivka, ktora je hranicou oblasti
A:{(x,y)€R2:0§x§w,0§y§sinx}.[%—%]

fc —e” (1 — cosy) dx + e* (y — siny) dy,kde C' je kladne orientovand uza-
vretd krivka, ktord je hranicou oblasti
A:{(m,y)€R2:0§x§w,0§y§sinz}.[%e”fé]



3 Treti tyzden

V dlohédch 1 - 5 zistite, akd mnozina je urcend danym vztahom. Jej obraz
nacrtnite v komplexnej rovine.

1. |z —2z0| =7, 7 >0, 2o jepevny bod. [Kruznica so stredom 2z, a polomerom 7]

. . ; . 2 2
2. |z41i|+ |z -1 < 4. [Vnutro elipsy &- 4+ %4 = 1}

3. |2+ 2| > 1. [Vonkajsok kruznice so stredom S = (—2;0) a polomerom r = 1]
4. |z —2| < |z|. [Polrovina Rez > 1.]
5. Im (%) =2. [2 # 0, kruznica so stredom S = (0, —i) a polomerom 7 = i]
6. Zistite, ¢i sd nasledujice mnoziny oblasti. (Naértnite ich v komplexnej

rovine):

(a) |z| <4, [4no]

(b) 1 <|z—1| <3, [nie]

<argz < %, [nie]

7. Négjdite limity postupnosti {z,}, -, , ak

(a) zn = (1+5)" + 2, [¢e+ 3i
3n 3n—1 3

(b) 2z, =2nsini + 84 [24 4]

(c) zn=ntg + (1+2)"40, [} +ie!]
8. Zistite, ¢i rady Y., z, konverguju, alebo diverguju

(a) 2z, = smnticosn [ahsoliitne konvergujel

(b) z, = ﬁ + tg 5agri, [absolitne konverguje]

(c) 2 = /L4 24, [diverguje, nédvod rad Y o7, 4/ nesplita nutni podmienku konvergencie

3n n
9. Vyjadrite redlnu a imagindrnu ¢ast’ funkcie:
2
(a) f(2) =€,
{Ref (z) = e =" cos 22y, Im f (2) = e =¥ sin Qxy}

(b) f(z) = 2?sinz,
Re f (z) = (2 — y?) sinz coshy — 2zy cos z sinh y,
Im f (z) = (2zysinz coshy + (2% — y?) coszsinhy) .



(c) f(z)=tgz,
Re f (Z) = otz Cosshl;lgjcjr:(s)isnz2 z sinh? y’ ]

_ sinh y cosh y
Im f (Z) T cos? z cosh? y+sin? z sinh? y

(d) f(z)=2"—z+1,
Ref(2) =22 —y?—a+1,Imf(z) = 2ay — y]

() f(z)=1,
[Re f (2) = e Im £ () = — s |
(f) f(2) =1z] + Rez.

[Ref(z) =vz2+y?+z,Imf(2) :O] .
V tlohdch 10 a 11 nédjdite defini¢ny obor funkcie f :
_ 3iz—122+473 _ 4 i 4/ 9T
10. f(2) = “Zmisr {D(f)— C\{\/ie 5, V2e'% H
1. £ () = ey
[D (f) = C\ ({z €C; |zl =31U {@ 42 Va5 Y —z\/i})}
V dlohéach 12 - 14 vypocitajte funkéni hodnotu funkcie f v &isle zg :
13. f(2) =2+7%% —Re(22) — Im (2%), 20 = 8 — 6i. [—64 + 90i]
14. f(z) =argz

(a) z0=8—6i. [—arctg ()]
(b) zp = =1+ 2i. [r— arctg?2]

(c) z0=—1—i. [-°F]

V dlohéach 15 - 20 vypocitajte limity:

15 lim, oy 250, [-3£%]

22424z " 8

22 —iztz—i [_@]

16. lim,__,; 7wl 3

: . 3iz-6i+3 6-—3i
17, lime oy 55570057 [ 10 ]

18. lim, _; 2t Z0e=2 111

2241

19. lim.__g % [0]

20. lim,_.q Z5. [Navod:vyjadrite redlnu a imagindrnu cast’ funkcie, potom ukdzte, ze limita neexistuje.]
|| ’ )

V 1tlohdch 21 - 23 vySetrite spojitost’ funkcie f :



21. f(z) = . [Spojitd v C\ {1}]

22. f(2) = 1= [Spojité v C\ {—i,i}]

Rez
23.f(z):{ ; Zig

. [Spojitda v C\ {0}]
V tlohéch 24 - 25 zistite, ¢i je mozné dodefinovat’ funkciu f v bode zj tak,
aby bola spojitd v tomto bode:

3 2

24, f:C\{0,1+i} — C, f(z) = Z=25izdizitl 50— 144 [Je mozné, ak f(1+i) =2 (1+1)]

22—z—iz

25. f:C\{4+i} — C, f(2) = M, 2o = 4+1. [Nie je mozné, lebo flim,_ 44, f (2) = x]

z—4—1



4 Stvrty tyzden
1. Néjdite obor konvergencie mocninového radu:
(@) ot (K (0,1) = {2 € ;2] < 1)
(b) 02, n™z". [konverguje len v strede a = 0]
(¢) Yooy 22 [K(0,e) = {z € C; |z] < e}]
(d
(
(

2n1

)

)

) 2o T A K (0,1) = {z € C; [z <1}]
) 2oy 372" [K(0,2) = {z € C; |2| < 2}]
)
)
)

@

f) S0 12722 [K (0,v2) = {z € C; |2| < V2}]

(8) Sonrgcos(in)z". [K(0,1) ={z€ C; |z| < 1}]

(h) S, (- 1)
[K(1—i,3)={2€C;|z—1+i| < 3}]

() S0, (1-2)" (- 20)"
(K (2i,e?) = {z € C; |z — 2i] < *}]

(G) oo (z+49)". [K(—i,2) ={z € C; |z +1i] < 2}]

() S, (31" [K(1,5) = {z€ C: |- — 1] < 5]

() 02y ey (2 430",

K (31 &) = {ze C: 2+ 31l < & }]
(m) Y52, o (32)"

[K(1-i,v/10) ={2€ C:|z—1+4i| < V10}]
m) >0 (3)" [K(1,5)={2€ C: |z —1| <5}

2. Vypocitajte funkéné hodnoty:

(a) In(-1), [i7]

(b) In (i), [-gin]

(¢) In(1—+3i). [§Ind— Lin]

(d) In(-3) [In3 4+ ix]

(e) In(5i) [In5+iZ]

(f) In(2) [In2]

(g) In(e) [1]

(h) In(2+26) [In(V8) +iZ]

(i) In(—2+2i) [In(V8) +i3r]

(3) In(=2=23) [In(V8) +i(-%F)]
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3. N4jdite vsetky rieSenia z rovnic:

(a) e* =—1, [{ir (L +2k), k € Z}]

(b) e* = —i, [{im (=3 +2k), k € Z}]

(c) e#=1- V/3i. [{2 In4 — 7177—1—21@7” ke Z}]
4. Vypocitajte hodnoty:

(a) ez, [ie?]

(b) €*™, [e?cos1 + ie?sinl]

(c) i’ [6_%”]

(d) (=3i)% [e™ [cos (In9) + isin (In 9)]]

(e) it [ie %]

(£) @5 [eos () +isin (57)]

(&) (1= [2¢¥sin (In (v2)) — icos (In (v2))]

(B) (149)* [2(cos (5) +isin (5))]

i) (1+iv3)"" [4eF (cos (X —In2) +isin (2 —n2))]

5. Vypocitajte hodnoty:

(a) siné, [isinh1]
(b) cos(1—14). [coslcoshl+ isinlsinhl]
(c) sin (2 — 37)

sin 2 e3+6_3 cos2(ed—e 3 . A .
{ (2 )—z (2 )—s1n2cosh3—zcos2s1nh3

(d) cosi [6712“ = cosh 1}



(e) cos(4+14) [cosdcoshl —isin4sinh 1]

. e2 sin4+i(1—e2 cos 4
(f) tg (2 - Z) e2 cos 4+(1+i62 sin4)

(g) cotg (% —4ln 2) [%]




5 Piaty tyzden

1. Dand je funkcia f (z) = zzz2/1_11+z Nsjdite:
(a) defini¢ny obor; [C\ {%e%’i, \At/Qe“T"iH

(b) £/, F7(0) [/ (2) = ST, 1 () = —4+ ]

2. Vypocitajte derivédciu funkcie f (2) = 72 . [D(f) =C\{2i}=D(f"), f'(»)= (giilz)z

V dlohdch 3. - 8. pre funkciu f

a. zistite, kde existuje derivdcia,

b. néjdite f ' v bodoch, kde existuje,

c. vySetrite, kde je f analytickd (holomorfn4)

a. f'existujena M ={z€ C:Imz=Rez},
3. f(z) =2 +iy* b. f'(2) = f'(z+1y) = 2z,
c. nie je analytickd v ziadnom bode

a. [/ neexistuje v Ziadnom bode,

4. f(z) =lz|. b. f'(2)3,

c. nie je analytickd v ziadnom bode.

a. f existuje na C,
5. f(z) =23+ 2. b. f'(z)=322+1,
c. je analytickd na C.

a. [’ existuje len v bode z =0,

6. f(2) =zRez. b. f/(0) =0,
c. nie je analytickd v ziadnom bode

a. f ' existuje na C,
T f(2)=fla+iy) = 2oy + 20 - D+i(y? —2° +2y). | b. [/ (z)=["(z+1iy) = (2y+2) —i(22),
c. je analytickd na C.

a. f ' neexistuje v ziadnom bode,

8. f(z) = (e"cosy)—i(e*siny). b. f'(2)3,
c. nie je analytickd v ziadnom bode.

V tlohédch 9 - 20 ngjdite na A C C analytickd (holomorfni) funkciu f(z) =
flx+iy) =u(z,y) + v (z,y), ak je dand jej jedna zlozka a pripadne funkénd
hodnota v jednom bode:

9. u(z,y) =" —3ay?, (i) =0.
[f (2) = f(z+iy) = (23 — 3zy?) + i 322y — y® + 1) ]
10. u(z,y) = —y* +ay, £(0) =0.
£ = flatin) = (=2 )+ (2004 5 - 5)

10



11.

12.

13.

14.
15.

16.

17.

18.

19.

20.

v(x,y) =% —y? -3z + 2xy, u(2,1) = 0.
[u(z,y) = 2° —y* — 2zy + 3y — 2]
v(x,y) = 2e*siny, f(0) = 1.
[f(2) = f(z+iy) = (2¢" cosy — 1) + i (2e” siny)]
v(z,y) =In (2% +y%) + 2 —2y.
u(z,y) = —2arctg (£) —y — 2z + k, alebo
u(x,y) = 2arctg (%) —y—2z+K

u(z,y) =e” (xcosy —ysiny), pricom f(0) =0.[f : C — C, f (z) = ze?]

Ukédzte, ze u(x,y) = xy je harmonickd funkcia a ndjdite harmonicky
zdruzenu funkciu.

[f:R2—>R,v(x,y):—% (mQ—yg)—i—C’]

Ukézte, ze u (x,y) = 2 —y* + 2y je harmonickd funkcia a néjdite harmon-
icky zdruzenud funkciu. [f :R*>— R, v (x,y) =2zy — % (x2 — y2) + C’]

Ukézte, ze u (z,y) = 23 +6x%y—3zy? —2y3 je harmonickd funkcia a néjdite
harmonicky zdruzend funkciu. [f : R?> — R, v(z,y) = —22% + 322y + 621> — ¢° + C.]

Ukézte, ze u (x,y) = v*—622y?+y* —2x je harmonicks funkcia a néjdite har-
monicky zdruZzenu funkciu. [f R*—R,v (x,y) = 423y — 4oy —y + C’]

Ukézte, ze u(x,y) = 77152 Je harmonickd funkcia a ndjdite harmonicky
zdruzend funkciu. [f :R*\ {(0,0)} — R, v(z,y) = —mre t C]

Ukézte, ze u (z,y) = ze® cosy — ye” siny je harmonickd funkcia a néjdite
harmonicky zdruzend funkciu. [f : R?> — R, v(z,y) = ye® cosy + ze* siny + C]

11



6

Siesty tyzden

Vypocitajte integrdly: (@ je kladnd orientdcia, © je zdporna orientdcia krivky

)

1.
2.

10.
11.

fC zsin zdz, C je usecka od bodu 0 po bod . [fie’l]
Jo Rezdz, C je tsecka
(a) od bodu 0 po bod 1+4. [1+ £]
(b) od bodu —1 po bod 1+ 4. [0]
z)? dz, C : z(t) = t+it, ¢t € (0,3) orientovans sthlasne s paramet-
c 3

- . . 10(3—i)
rickym vyjadrenim. [T}

Jo Ldz, C je tsecka od bodu 1 po bod 1+ i. [In (V2) +i%]

fC edz, C je lomend krivka, ktord sa skladd z dvoch tseéiek: prva so
zaciatoénym bodom 0 a koncovym bodom ¢, druhd so zac¢iatoénym bodom
i a koncovym bodom 1+ 4. [1+ (e —2) (cos1 — isin1)]

Jotdz, C:]z] =2, Imz < 0 od bodu —2 po bod 2. [i7]
Jo |2l dz, kde

(a) C:]z|=1,Imz >0 od bodu —1 po bod 1. [2]

(b) C:|z| =2, Rez <0 od bodu —2i po bod 2i. [8i]
JoZ|zldz,kde C : |z| = 1, Rez > 0 od bodu i po bod —i a usecka od
bodu —i po bod i. [—in]
JoRezdz, kde C : |z| =1, ©. [~in]
JozImzdz,kde C': |2z| =2, Imz > 0 od bodu —2 po bod 2. [15]

fC Zdz,kde C: |z] = 2, Imz > 0 od bodu 2 po bod —2 a tisecka od bodu
—2pobod -1 a|z| =1, Imz >0 od bodu —1 po bod 1 a isecka od bodu
1 po bod 2. [%]

V prikladoch 12 - 16 pomocou Cauchyho integrélnej vety vypocitajte inte-
graly po jednoduchych, po ¢astiach hladkych, uzavretych, kladne orientovanych

krivkéch:
12, [o #iqdz, O = {z € C: (Rez)” +4(Imz)* = 1}. [0]
13. [o z=5tmdz, C |zl = 1. [0]
4. [, 582dz, C = {z € C:4(Re2) 4+ 16 (Im2)? — 1}. [0]
15. [, ttdz, C:|z[ = 5. [0]
16. [, 22425 dz, C:lz 41| =1. [0]

12



7

Siedmy tyzden

V prikladoch 1 - 14 pomocou Cauchyho integrélnej vety, alebo Cauchyho inte-
grilnej formuly vypocitajte integrdaly po jednoduchych, po ¢astiach hladkych,
uzavretych, kladne orientovanych krivkdch:

1.

2.

10.

11.

12.

13.

14.

e ZS;;dz, C:lz—2i] = % [3]

Jo gz sz, O |z 2 — i = V2. [0

Jo Sziifdz, C:|z—il=1.[0]

e et s € 12l = 1. [0]

LB G, C ) = 1. 0]

z+1

. fC 722273Z+4dz, C:lz| = % [1871]

z+1

e

- Jo7E5dz, Cilz—al=a,a€ R, a> 1. [if]

. 22282440, O |z 41| = 1. [187i]

z+1

 Joetdz, Otz 4] = 2. [2msinl + 27 (1 4 cos 1)]

z+1

22 . S 2w -

Jo S dz, O |z +i| = 1. [insinh1]

z+2
fC’ z2—2z+2dz’

(a) C:|lz—1-=2i|=2. [7(3+1)]
(b) C:lz—1+42i|=2. [ (—3+1)]

Josirde, € 1| =1 —i] = V. [230)]

Vypocitajte fc ﬁdz, ak C je jednoduchd, po castiach hladka, uzavretd,
kladne orientovand krivka, na ktorej nelezia korene menovatel’a. Vypocita-
korene menovatela: zp = % (14+4), 2 = —g (1414).
a. zo € IntC, z1 ¢ IntC {”T‘/i 1+ z)]
jte vsetky moznosti. b. 20 & IntC, 1 € IntC [~=2 (1+1)]

c. 20, 21 € IntC [0]
d. 2o, z1 ¢ IntC (0]

13



8 Osmy tyzden

V dlohéch 1 - 2 pomocou definicie najdite Taylorov rad funkcie f so stredom v
bode a a vysetrite jeho konvergenciu:

1. f(2)=sin?z,a=0.

( 1)n+122n 1

[22021 _(T),z%, konverguje na M = C}

2. f(z)=In(iz+2),a=1+ 2i.
[ig F30% (1) L (2 — 1 — 2i)", konverguje na M = {z € C: |z — 1 2i| < 1}}

n

V dlohéch 3 - 9 vypocitajte Taylorov rad funkcie f so stredom v bode a
a vysetrite jeho konvergenciu:

3. f(z):Z+2,a—1

n+41

[ +25, 3"+1 (z—1)", konverguje na M ={z € C: |z —1| < 3}}

4. f(2) = Z_H,a—O
[—1 +23>7, (=1)""" 2", konverguje na M = {z € C:|z| < 1}}

5. f(z) = Z2j_'gz2+4, a=1.

[ 3 o (=D (25 2 ) (2 - 1), ]

konvergujena M ={z€ C: |z — 1| < 2}

6. f(Z):m,CLZQ

I ZZO:O( n" (3 5—n—1 3—n—1) (2:_2)7L7
| konverguje nnM={zeC:|z—-2|<3}

[, (-EE T T - BE )T ) ()
konvergUJe na M ={z€C:|z—i <V2}

2 .
8. f(z):%,azl.

[ 24 =D [ _(4d) 4i
% + Zzozl 3 |:(17,L')'n,+1 - (lJrl;ri)n+1:| (Z — 1)" ;
konverguje na M = {z € C: |z — 1| < v2}

9. f(z)=e*2a=1 [e>2 3 (—1)", konverguje na M = C]

n=0 n!

V dlohéach 10 - 29 n§jdite Laurentov rad funkcie f so stredom v bode a pre
medzikruzie P (a,7,R) ={z € C:r < |z —a|] < R}.

10. f(z) =2%%,a=0, P(0,0,00). [30°, L2"]

14



11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

f(2) = 2 a=1i, P (i,v/5,00). [Zf:o%

}

f (Z) - m’ a= 07 P(0707 1) . [% - ZZOZO <—1)n 22n+1]

. . — nt
f(z) = z(z++1)’ a =1, P(27071) : |:Z$LO:O (_1)n g(gﬁ

f(z):m’ CLZO, P(Oa]-?OO) [ZZO:

1

(2 — i)n—1:|

0 (_1)" Zf2n73]

f(Z) = ﬁ7 a = 07 P(07071) . [Zzoz—l Zn]

F(z) =y, a=1,P(1,0,1). [2 (=) 3% ()" (2 - 1)"}

f(2) = o5, a=—2i, P(—2i,3,00).
f(z):m, a=2i, P(2i,1,00). [

f(2) = z=5,0=1, P(1,0,1). [(-1)

f(2)= ot a=1, P(1,1,00). {z;}m

F) =55 a= -1 P(-1,0,2). 3G+1) 7+ X0 (-)"27" (:+1)"

{Z;i_oo 3i) " (= 4+ 22.)”,1}

220:71 (z —

—n—1_._n_1

i (2 — 22')”71}

1)"]

> (2= 1)"}

fla)= 22 a=-1,P(-1,2,0). [5 G+ 2 (D)2 (a4 1)"}

z -1 e —n n
F(z)= B o= -3 P(-3,0,2). [2(z+3) —3y™ 9 (z—|—3)}

)= Fts a= =3, P(-3,2,00). [2(z+3) 1 +3%0__ 27" (2 +3)"]

f (&) = e a= 0, P(0,1,2). [(-33) Xalod """ = 5 200z ]

5n+1

2% -2z -1 n _2n 0 —n—1_n
F(2) = E52ts a=0, P(0,1,2). [2Zn:_oo(*1) 220 5% 9 12}

f(z)zz%in(%ﬂ),a,:O,P(0,0,oo).

F(z)=2"421—1,a =0, P(0,0,00). [2

15
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9 Deviaty tyzden
V prikladoch 1 - 13 zistite druh izolovanych singuldrnych bodov funkcie f a
urcte reziduum funkcie f v tychto bodoch:

2

1. f(2) = Z5. [¢ = =3, pdl 1. stupiia res,—_s[f ()] = 9]

z+3
) z = 2i, pol 1. stupna res,—y; [f (2)] = %gcm
2 f(2) = sy | 2= ~2i Ol L. stupfia res.—_; [f (2)] = —insgien
z =0, pdl 2. stupiia res,—g [f (2)] =
_ 1 [ ==1,pol 3. stupfia res.—; [f (2)] = —
3. [(2) = [ z = —i, pél 3. stupia res,—_; [f ()] = gz
o z =1, pol 2. stupiia res.—1 [f (z)] = =3
4. f (z) _ i(;ifgg z = —1, pdl 2. stupna res,—_1 [f (Z)] = _%
2 =0, pdl 1. stupiia res,—g [f (2)] = 2
5. ()= T [ z =2, pol 2. stupna res,—s [f (Z)] = 2§3i . }
. (z—2)2(2+20) z = —2i, pol 1. stupiia res,—_o; [f (2)] = %
6. f(z) = =2z [5 =, pol 3. stuptia res.—o [f (2)] = —1]

7. f(2)= b’z# [z =0, pdl 1. stupnia res,—o [f (2)] = 1]

8. f(z) =23%sin (%) . [z =0, podstatne singuldrny bod res.—o [f (2)] = a1 = 0]

22

9. f(z) = zsin (lerl) . [¢ = =1, podstatne singularny bod res,—_1 [f (2)] = a—; = —1]

10. f(z) = 22 [z = 0, odstrénitelny singuldrny bod res.—o [f ()] = 0]

11. f(z) = 22 (e% - 2) . [# =0, podstatne singuldrny bod res.—q [f (2)] = a_1 = §]
12. f(z) = z%cos (2£1) . [z = 0, podstatne singularny bod res.—q [f ()] =a_1 = %
13. f(2) =tgz [z=7Z +knm, k€Z, pdl 1. stupia res,=zkx [f (2)] = —1]

V prikladoch 14 - 26 pomocou Cauchyho vety o rezidudch vypocitajte inte-
graly po jednoduchych, po ¢astiach hladkych, uzavretych orientovanych krivkach
C,kde @ je kladné orientdcia, © je zdpornd orientdcia krivky C.

14. dz,kde C: |z —1—i| =2, ®. [-Z]

1
Jo =P 2

16. fC ZzZ +11)3 dz,kde C : |z| =2, ¢. [27Ti]

17. [y =rdzkde C: {z (£) = (1 + cost) + isint, t € (0,27)}, ©. [gm}

16
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18.

19.
20.

21.

22.

23.

24.

25.

26.

Jo =922dz kde C : 2] = 1, @. [mi]

fc 22> dz, kde C : |z| = %7 ®. [%}

Jo €22dz,kde C : 2] = 1, ©. [-2mi]

z

Jo 7 cos () dzkde €+ |2 =2 =3, &. [2i (% —6)]

Josin® (1) dz kde C : |2| =1, ©. [2i]

Jo (2= 1)%sin (ﬁ) dz,kde C': |2| =3, ©. [-2F]

+1

Jo cos (ZZ ) dz,kde C: |z +i| =1, &. [-2msin]]

Jo tg zdz,kde C

R E—

e

z
z—3

-I|=1, 0. [2m]

)) dz,kde C : |z — 3| =1, ®. 2mi (§ + 3sin 1)

17



10 Desiaty tyzden
1. Vypocitajte vieobecné riesenie diferencidlnej rovnice:

(a) ¥’ +3y' —dy =0. [y(z) = Cre” + Cre*"]
(b) ¥" =2y +2y=0. [y(z)=e"(Cycosz + Cysinx)]
(¢) ¥ +6y +9y=0. [y(z)=Cre " + Come 3 |

2. Vyrieste zaciato¢né dlohy:

(a) ¥ +5y" + 6y =0,y(0) =1,y (0) =2. [y(2) =5e " —de™*]
(b) ¥"+2y'+2y =0,y (0) =3,y (0) =1. [y(z) =e *(3cosx + 4sinz) |
(€) ¥ =3y —dy=0,y(0)=-1,4(0) =2 [y(z) = —Fe™" + 3e*] :

3. Vypocitajte veobecné riesenie diferencidlnej rovnice:

(a) ¥ +2) — 3y =4+ +4e>.
[y (2) = Cre” + Cae™ — gu + §e* — ]
(b) ¢ + 4y’ + 4y = 2 — sin 3z.
[y( ) = Cre™" 4 Coze " + 169 cos 3z + 169 sin3z + = ]
(c) y" +2y — 8y = 3z cosdx.
9

[y (x) = Cre®* + Coe™* + 335 cosda + 305 sinda — acosda + S asinda |

4. Vyrieste zaciato¢né ilohy:

(a) ¥ +2y + 5y =2sinz, y(0) =1,y (0) =0.
Vseobecné riesenie D.R. : y(z) = 2sinz — 1 cosz + Cy (cos 2z) e~ + C (sin 2z) e~
Riegenie ZU: y (z) = Zsinz — 1 cosz + £ (cos2x) e~ + 2 (sin2z) e "
(b) " +2y +y=sinz, y(0) =1, 3 (0) =0.
{ Vseobecné riesenie D.R. : y(x) = Cle_l 1 cosz + Coze ™™

Riesenie ZU: y (z) = Se "+ 3xe™" — Lcosw

(¢) ¥"+3y'+2y =sin3z, y (0) =0, ¢’ (0) = 1'% (Cle*“’ — 150 sin 3z — 130 cos 3 + 026*21)
Vseobecné riesenic D.R. : y (z) = Cre™" — 155 sin 3z —

Riegenie ZU: y (z) = ¢ + e 2" — (L sin 3

.27

130 sin 3z —

130 cos3rx—Cre *—=2C5e~

18



11 Jedenasty tyzden
V tlohdch 1 - 17 ndjdite Laplaceov obraz funkcie f, ak f je origindlom
L f(t)=2e¥ + e + 61— Tt + 5.

[P0 = 25+ 7+ 8 = ]

2. f(t) =sin(5t) + 2 cos (3t) — sinh ¢t + cosh (2t) .

2
[F (p) = p2i25 + pr_g - p21—1 + p2p_4:|

3. f(t) =sin®(at), a € R. {F (p) = L}

p(p?+4a?)
4. f(t) =sin(at) - cos(at), a € R. [F (p) = W}
5. f(t) = sin (at) - cos (bt), a, b€ R, a # b.
F = )]

p2+(a+b)?]-[p2+(a—b)?]

6. f(t)=a'+sin(wt + ¢).

[F(P) = p,ﬁ + mcosw—&- W%singp}

T f(8) =sinh (30). [F(p) = 5]

p2—

8. (1) = e sinh (38) . [F(p) = s

0. f(t)=a'a>0. [F(p) = 5]
10. f(t) =ta, a> 0. [F(p) = =]
11. f(t) = e - cos (3t) - cos (4t) .

_ 1 —2 1 -2
[F (P) = 2o T2 (pfp2)2+1}

12. f(t)=et+e'-sin(2t). [F (p) = ﬁ + m}

13. £ (t) = eos (31). [F (p) = 25550

14, () =12+ 2+ 3+ te > {F (p) = 288"

o
P (p+5)2

15. f(t) =t(cos(2t) + et -sin(2t)).

_ _p’—4 4(p+1)
Fp) = Grrap + [(p+1)2+4]2}

19



. 2—
16. f(t) =1t* (e 3 +sin(2t)). [F (p) = ﬁ %

17, £ (1) = Jy sin(wr) dr. [F () = 5%

V tlohéach 18 - 20 pouzitim vety o posune v origindle najdite Laplaceov obraz
funkcie f:

0 0<t<d o~ (p—a)d
ls'f(t):{e‘“ t>0b [ p—a ]

19 (@) FO=n(0) 27 [3- 4+
(b) ft)=n(t-2)(t—2)>. [efzpl%}

(c) f(t)=n(t—2)t% [e‘zpl% + 6—2171% + e—2péi|

p
0 t<0 .
. T e 2
200 f(t)=4 st te(0,3) . [
1 t>7z

0 t¢(1,4)
2L f() =3 t-1 te(l2) . [(er—T )]
142 te(2,4)

t )
22. f(t) = ) z ; . [(e—p L) ]ﬂ
t )

V dlohéach 23 - 24 n4jdite Laplaceov obraz periodickej funkcie

1 te (2km, (2k+ 1) m)

23'“’”:{ 1 te(@k+Umk+2)m) o FTOLZ [t

(14+e—P7)
w ljtefp%r
( )

24. f(t) = |sin (wt)], w € RT. —
(p2+w2)<17677>

V tlohdch 25 - 27 n§jdite konvoluény sucin funkcii f, g :
25. f(t)=t, g(t) =cost. [1 — cost]
2. f(t) =12, g(t) =13 [%}

27. f(t)=e", g(t) =1—at. [t]

20



V dlohéach 28 - 36 néjdite original k funkcii F :

2
28. F(p) = solittsy. [F (1) = =3+ 37" + 3]

2_ — —
29. F(p) = Eqyetngy [f (1) = —2te' +e7*]

30. F(p) = %. [f (t) =€" — e cos (2t) + Se " sin (2t)]
_ —2p34+2p+5 I 1 - 1

3. F(p) = sprromn i Do-1) [f(t) =te tsint — Le™" + {5ef]

32. F(p) = 2555

[£0) =) e20-) (¢ = m) =30

33. F(p) = e lope”,

p*(1—e~?)

0 t<0
[f(t)_{t—k‘ t€<k7k+1)7k:0,1,...
34. F(p) = si=my, 0 € RT.

0 t<0
f@)y=¢1 t € (2ka, (2k+ 1) a)
0 te{(2k+1)a,(2k+2)a),k=0,1,...

35. F () = g
_ 1 . 2t
[f (t) = 55 (—2sin (3t) — 3cos (3t) + 3e)]
36. F(p) = gy + ramy (L €77).

B 1 te(0,m)
f(t){2—cos(t—7r) t>m

21



12

Dvanasty tyzden

V dlohéach 1 - 11 vypocitajte pomocou Laplaceovej transformécie rieSenie zaci-
atocnej ulohy:

1.

10. z”

11.

2 (t) + 22" (¢t) + 52’ (t) = 0, x (0+) = —1, 2’ (04) = 2, 2" (0+) = 0.

=-1- %e*t cos (2t) + %e’t sin (2t)]

)
@ () + 22" (t) +x(t) =1, 2 (0+) = 2/ (04+) = 2 (0+) = 2’ (0+) = 0.
[ (t) =1—cost — £ sint]

2 (t) — 3z’ (t) + 2z (t) = €%, 2 (0+) = 2’ (0+) = 0.
[ZB (t) _ 1 et €2t + 1€3t]
o () =32 (04 20 () = 26, 2 (04) =/ (04) =0
[z (t) =€ —2e* +¢ t]
o (t) — ' (t) = te', x (0+) = 1, 2’ (04) =
x(t) (% t+ 1)]

;a(

" (t) +4z’' (t) + 4z (t) = t3e 2, 2 (04+) =1, 2/ (0+) =
:x () = e (1 At + %”

2 (t) — 2" (¢t) = sint, x (04) = 2’ (04) = 2" (04) = 0.
z(t)=—-1—t+ et + 1 (cost+sint)]

x'<t>+z<t>—f<t>,x<o+>_o,f<t)_{(1) iiggjgg
[m W)=1—-et-nt-2) (1_6—(7572))]

0 t<0
(t)+2m’(t)+x(t)—f(t),x(0+)—x’(0+)—0,f(t)—{ t te(0,1)
1 t>1
[2(t)=—2+t+2t+tet —n(t—1)[-2+ (-1 +2 D4 (t-1)e
0 t<0
')+ (@) =f(),z(0+)=1,2"(0+)=0, f(t) = { b te(0,a)
2%  t>a

[x(t)=n()[b+ (1 —0b)cost]+n(t—a)[b—bcos(t—a)l

22
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