1. Vypocitajte integral priamym integrovanim:

/ 1+ 222
—dx
x2(1 4 22)
Riesenze:

/ 1+ 222 dr — /(1—1—3:
x2(1 + x?) B x2(1+x2
= 24 /
/ T+ 1+

2. Vypocitajte integral priamym integrovanim:

/ 1+ cos’x
—dx
1 + cos 2z
Riesenze:

1 +cos’x 1+ cos’x
——dr = ——dr =
14 cos 2z 14 cos?2z —sin“zx

3. Vypocitajte integral priamym integrovanim:

1+ cos’z / 1
——dr =
2cos? 2cos2

/ 1+2$_

Sdr = '+ arctgr + ¢

1+ cos’x

cos? x + sin® z + cos? & — sin

1 1 1
— | dr = d
+2> g Q/COSQZL‘ v

/ sin 2z cos 3zdx
Riesente:
Najprv si uvedomme, ze:
sin(bz) = sin(3x + 2z) = sin 3z cos 2z + sin 2z cos 3z
sinz = sin(3x — 2z) = sin 3z cos 2z — sin 2x cos 3z

Ich odéitanim dostaneme:

sin(bz) — sinz = 2sin 2z cos 3x

Odtial plynie:

sin(bz) —sinz

sin 2x cos 3x =

2
Potom:

() — si 1
/sin2xcos?>mdw = /sm( z) ST g = =
2 2

_ lcos(5z) N 1 N
= 5 & 5 COST+C

4. Vypocitajte integral:

/ sin 4z sin 2xdx

Riesenie:

1
/Sin(5x)dx ~3 /sinx dx =
_ COST  COS S5x .
- T

T



(a)

Priamym integrovanim:
Odpocitanim nasledujtcich dvoch rovnic

cos(2x) = cos(4x — 2x) = cos 4z cos 2x + sin 4z sin 2x

cos(6x) = cos(4x + 2x) = cos4x cos 2x — sindx sin 2x

dostaneme:
cos(2x) — cos(6x) = 2sin4x sin 2z

Odtial plynie:
cos(2z) — cos(6x)

sin4z sin 2x =

2

Potom:

2x) — 6 1 1
/sin4:psin2xda: = /COS( ?) 5 cos( m)dm = E/COS(Z:C)dx — E/COS(Gx)dx

Isin(2z)  1sin(6x) sin(2x)  sin(6x) N
= — —_ — C = — C
2 2 6 4 12

Metodou per partes:

=sindxr ¢ (x) =sin2x

_ _ sindzcos2z +

— cos 2z 2

2

I = [sindzsin2zdr = ‘ “}C,(g)

=4cosdr g(z) =

__ _ sin4xcos 2z +

2

f(z) = cosdx g'(z) = cos2x
+2 [ cosdx cos2xdr =
/ ‘ f'(z)

= —4sindz g(z) = 22

+cosdxsin2x + 4 f sin 4z sin 2zdx = cos 4x sin 2¢ — Sindzcos2z 4“2005 2z AT

Odtial plynie:

sin 4x cos 2x

—3] = cos4dxsin2x — 5
sindx cos2x  cos4dzsin 2z
I = — +c
6 3
. . sindx cos2x  cos4dxsin 2z
sindz sin 2zdxr = — +c
6 3
_ 1 sin 6x + sin 2z 1 sin 6x — sin 2z +
~ 6 2 3 2 ¢
(2 .
_ sin(2z)  sin(6z) L
4 12

Substitucnou metodou:

f sin 4z sin 2zdx = f 2 sin 2 cos 2z sin 2xdx = f 2 sin? 2z cos 2xdx =
| t=sin2v

| dt =2cos2x dx =/t dt =73 +c 3 1€

Samozrejme:

sin®(2z)  sin2zsin®2z  (sin2z) (1 — cosdz) sin2z  sin2wzcosdw

3 3 3 2 6 6
sin2z  sin6r —sin2x _ sin(2z)  sin(6z)

6 12 4 12




5. Vypocitajte integral:

/ 328 + 82" — 928 — 3925 + 302* + 6823 — 6322 + 27z + 35d
x
26 + 325 — 224 — 1223 4+ 322 + 172 — 10
Riesenze:
Oznacéme:
p(r) = 32®+8z" — 92° — 392° + 302" + 682° — 632° + 27x + 35
q(z) = 2%+32° — 22" —122° + 32 + 172 — 10

Vydelme polynoémy p a ¢, dostaneme:

32 n —52° + 92t + 202 — 162% + 172 + 35
—— =3z"—x
q(x) 20 + 325 — 2% — 1223 + 322 + 172 — 10

Oznacme dalej:

r(z) = —52° + 9x* + 202 — 162% + 172 + 35

/Z%d:c:/?)xz—x—%%dx:/?)ﬁ—xdx—l—/%d:c

Riesme integraly zvlast. Najprv:

Potom:

2
/sz—xdx:a:3—%+k (1)

Pri rieSeni druhého integréalu treba najprv rozlozit polynom v menovateli, teda ¢(x),
nad R. MézZeme na to pouzit Hornerovu schému:

1 3 -2 -12 3 17 -10
1 1 4 2 -10 -7 10
1 4 2 -10 -7 10
1 1 5 7 -3 -10
1 5 7 -3 -10
1 1 6 13 10
1 6 13 10
-2 -2 -8 -10
1 4 5
Teda méame:
1(@) = (2 — 1)}z + 2)(a? + 4z + 5) (2)

S vyuzitim (2) urobme rozklad na sacet elementarnych zlomkov:

r(z) A B C D Ex+ F
+ + + +
q(z) (z—-13 (z—-12 z—-1 2x+42 22+4x+5

Hodnoty koeficientov A, B, C', D, E, F ndjdeme z rovnosti:

r(z) = Az +2) (2> +42+5) + Bx —1)(z +2)(z* + 42 +5) +
+C(x —1)*(z +2)(2* + 42 +5) + D(z — 1)*(2? + 42 + 5) +
+(Ez + F)(z —1)*(z +2)



Porovnanim polynémov na oboch stranach rovnice, ziskame:

-5 = C+D+FE

9 = B+4C+D—-E+F

20 = A+5B+2C—-4D—-3E—-F
—16 = 6A+7B—10C —4D +5E — 3F
17 = 13A—-3B—-7C+ 11D —2E + 5F
35 = 10A—-10B+10C —5D —2F

Odtial:
A=2 B=0,C=1D=-3 E=—3 F=5.

Riesme druhy z integralov:

/r(x)d / 2 N 1 3 N -3z +5 4
——dx = — x
q(x) (x—=12% 2z—-1 z+42 22+44z+5

1
= — In|z —1] — 31 2 —3 3 d
(x_1)2+n|x | n|z+ 2| /x2+4x—|—5 T
1 3 o2r — 10
= — In|z—1|—31 21— | —/—/——3 4
(x_1)2+n|x | n |z + 2| 2/x2+4x+5x
1 3 [2x+4—2
= — In|z —1|—31 2= [ = —— 3
o1 Tl 1= 3infe+2] 2/x2+4x+5 v

1 3 [ 20+4 |
— mlz—1]—3Wle+2 -2 [ =212 g1 [ —— 4
o1 ke 1= 3infe+2] 2/x2+4x+5 v /x2+4x+5 v

1 3 1
= — —|—ln|:z:—1|—3ln|x—|—2|—§ln(x2+4x+5)+11/

———d
(x —1)? (x+2)2+12 v
r—1 3 9
= —m‘l—ln m —§1n(a? +4x +5) 4+ 1larctg(z + 2) + K (3)
Suc¢tom vysledkov (1) a (3) dostaneme:
/ 3% + 827 — 925 — 392° 4 302 + 682% — 6322 + 272 + 35 .
dr = z°— —+
a0 + 325 — 224 — 1223 + 322 + 172 — 10 2
-1 r—1 3 9
+(x — e +In @ 2p| §ln(x +4x +5) + 1larctg(z + 2) + ¢

6. Vypocitajte integral:

1
d
/x4—|—4 *

Riesenze:

/ ! d / ! d / ! d
€r = Tr = €r =
xt 44 xt 4 4a? + 4 — 422 (22 +2)%2 — (2x)?
1 Az + B D
:/ dx:/ T + Crt dx (4)
(2 + 2x 4 2) (22 — 22 + 2) 2 4+2r+2  x2—-2x+2

Hodnoty koeficientov A, B, C', D najdeme z rovnosti:

1= (Az + B)(2* — 22+ 2) + (Cx + D)(2* + 27 + 2)



Porovnanim polynémov na oboch stranach rovnice, ziskame:

—_ o o o
I

RieSenim ststavy je:

Po dosadeni do (4) dostaneme:

A+C
—2A+B+2C+D

2A
2B

—2B+4+2C+2D
+2D

1 " 1 r+2 g b
x4+ 4 8 ) 22422 +2 a2—20+2 7 16

16

Y
— | —dx
8 ) a2 +20x+2

1 1
= —In(2®+20+2)+ -

16

16

16

1 / 20 +2+2
I :C:—
22+2r+2 x2—-20+2 16

1/ 2 — 2 d +1/ 1
—_— — —x — —_—
16 | a2 —2x+2 8 ) a2 —-2x+2

1 x>+ 2x+2
= —In[>20—"""=
2 —2x + 2

. Vypocitajte integral:

Riesenze:

J sde =4 [ o =

t =2
dt = 2z dx

/

r—2 1 20 +4 20 — 4
/$2+2x+2_:c2—2x+2
20 — 2 — 2 1/ 2z 42 e
x2+2x 42

| e
—x_
8) @wr12+1

1 1 1
@22+ [ dr=
n(@” -2+ >+8/(x—1)2+1x

1 1
+ garctg(a:' +1) + garctg(:c —1)+c¢

T

xS_lda;

_1 1 _ 1 1
2 f t4—1dt — 2 f (t—1)(t+1)(t2+1)dt

Upravme integrand na sucet elementarnych zlomkov nad R:

1 1
5/ (t— 1)+ 1)(t2+1)

T2 t—1 " t+1 " 241

Hodnoty koeficientov A, B, C', D najdeme z rovnosti:

l=At+ 1)+ 1)+ Bt -1 +1)+ (Ct+ D)(t* — 1)

Porovnanim polynémov na oboch stranéch rovnice, ziskame:

RieSenim ststavy je:

_ o O O

A+B+C
A-B+D
A+B-C
A-B-D

de =

L[ A B Ci+D
dt—/ b2 YTy (5)

dr =



10.

Po dosadeni do (5) dostaneme:

x 1/ 1 1/ 1 1 1
dr = - [ —agt—= [ —aqgr—= dt
/:c8—1x 8] -1 78/ t+1 4/t2+1

1 1 1
= —ln|t—1|—gln|t+1|—1arctgt+c:

1 1
= —ln]m2—1\—§ln]9§2+1\—Zarctgm2+c

. Vypocitajte

Riesenze:

/1 1 dr — flz) = ex+1 g'(x) = x++1 — {arctga?} 1 +
(e 4+ 1)(x2+ 1) | fle) = ﬁ glw) = arctez | = [er +1 -
1
1 (e*+1) (e* +1)
B T —me” 0="
T Ao vl dern A

Vypoditajte obsah plochy ohrani¢enej parabolou y = 22 — 6z + 8 a jej doty¢nicami
v bodoch A =[1,3], B =[4,0].

Riesenie:

Vypoditajme najprv obe doty¢nice. Ozna¢me f(r) = z* — 6z + 8, potom f'(z) =
20 —6 a f'(1) = —4, f'(4) = 2. Potom rovnice doty¢nic su:

ta: y—3=—-4(x—-1) tp: y—0=2(z—4)

a ich prieseénik je bod C = [5 -3

o2 ] Obsah plochy teda vypocitame ako sucet
integralov:

5

5 4
/2x2—6x—|—8—(—4x—|—7) da:—i—/ 2 — 6z +8 — (22 — 8) da::/ 2® —2x + 1 dz +
!

1

+/;1’2—8x+16dx:/13(x—1)2 dm+/;4(x_4)2 d — l(x—gl)?’}?{@}‘;:
S ()5 0) 560

Vypocitajte objem telesa, ktoré vznikne rotaciou elementarnej oblasti D okolo osi
O,, kde D je uréena krivkami y =z, y =z + sin’z, 2 =0, x = .

Riesenie:



11.

12.

Objem tohto telesa dostaneme vypocitanim integralu:

27r/ x($+sin2x—x)dx:27r/ rsin’® x dxzﬂ/ z(1 — cos2z)dx =
0 0 0

™ e 2 T . 2 b 3
:7r/ SBd:E—?T/ COSQxda::W[x—] _W[sm x} _
0 0 2 1, 2 ], 2

Vypoéitajte dizku krivky C = {(z,y) € RxR;x € (a,b),y = f(z)},aka=0,b=1

a f(zr) =+ve* — 1 — arctgye?* — 1.
Riesenie:

Vypocitajme najprv derivaciu funkcie f:

e?x eQx 1 eQw_l
! = — = — 2$_1
f(@) Verr —1 e —1(1+e¥ —1) e2r — 1 ¢

Dosadme do vztahu pre vypocet dlzky krivky:

1
/\/1 Ve2r — 1 2d:v—/ V14 e — dx—/exdx:[ex]é:e—l
0

Vypocitajte dlzku krivky C' = {(z,y) € R x R;y € (a,b), 2 = g(y)}, ak y € (1,e) a

9(y) = 1v* — 3 Iny.
Riesenie:
Vypocitajme najprv derivaciu funkcie g:

1
2

<

Dosadme do vztahu pre vypocet dlzky krivky:

1 1 ¢ /1 1
- — d = —24+—= | dy= |y +2+—=)d
/\/ v /\/ y +y2> / /1\/4(y+ +y2) /
1 [° 1 1 [ 1 y?1° Inyl® -1 1
2/1 V(y+y ! 2/1 y+y> ’ LLJF[?L T




