Domace ulohy cviCenie 3 - rieSenia
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nasobenie ¥ CX. UkaZte, Ze takto ziskana kvadraticka forma je (ostro) vicsia ako nula (tj.

. o (X )
DU 1: UvaZujte §tvorcovii maticu C =( ) avektor ¥ = (x;) € R?*1, Vykonajte

xTCX > 0) pre Pubovolny vektor X + (g)

Riesenie:
ST 2 =1\ X _ _ _ X1\ _ 5,2 _ 2
X'Cx = (x1 x3) (_1 3 )(Xz) = (2x; — x X1 + 3x3) (xz) = 2x7 — 2xyx5 + 3x5

Upravme:
XTCX = 2x% — 2xyx, + 3x% = x2 + x2 — 2x15 + X2 + 2x5 = x% + (x; — x,)?% + 2x%

AK X # (8) potom x; # 0 alebo x, # 0. Takze mo6zu nastat’ tri situacie:

1. x; # 0 asutcasne x, # 0,

2. x;#0ax, =0,

3. xy;=0ax, #0.

Ak x; # 0 astdasne x, # 0, tak x? > 0, 2x> > 0 a (x; — x,)? = 0. Z toho vyplyva:
x? 4 (x; — %)%+ 2x2 >0

Ak x; # 0ax, =0, potom xZ > 0, 2x5 = 0 a (x; — x,)? > 0. Z toho vyplyva:
x2 4+ (xy —x)2+2x2>0

Ak x; =0ax, # 0, potom xZ =0, 2x3 > 0 a (x; — x,)? > 0. Z toho vyplyva:
X2+ (xy —x)2+2x2>0

Celkovo teda pre X # (O) mame: X7 CX > 0.
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DU 2: Pre kazdé koneéné realne &islo x najdite hodnost’ matice A,, kde:

11
11
A, = )
* x1
1 x
Riesenie:

Uvazujme najprv x = 1, potom:

A1:

[ G Y
[ G G Y

a jej hodnost’ je rovna 1, tj. h(4,) = 1.
Nech teraz x # 1. Upravujme maticu A, na stupnoviti maticu:

x111 111x - 1 1 1 x
A _[1x11 ~ 1x 11|R:=R —R, 0 (x—1) 0 (1-x)
*“l11x1|RieoR|11x1 pre]_]234 0 0(x—1) (1—x)
111«x x111 (x—1) 0 0 (1-x)
~ 1 1 1 x 1 1 1 x
( ! )R. 0 -1 0 1 ~ 0 -1 o0 1
1-x/"7\ 0 0 -1 1|Rs:=R4+R; {0 0 -1 1

prej—2,3,4 -1 0 0 1 0 1 1 1+4+x



1 1 1 x 1 1 1 x

~ 0 -1 0 1 ~ 0 -1 0 1

Ry:=R,+R;\ 0 0 -1 1 |JRy:=Rs4+R3\ 0 0 -1 1
0 0 1 2+4x 0 0 0 34x

Ak x = —3,tak h(A_3) = 3.
Ak x # 1 astcasne x # —3, tak h(4,) = 4.

DU 3: Pre kaZdé kone¢né realne &islo ¢ najdite inverzni maticu k matici M, ak existuje,
pricom:
( sing cos (p)
M, = ),
—cos@ sing
Riesenie:
Uvazujme najprv také ¢ € R,ze @ # k g kde k € Z (tj. sin ¢ # 0 a sucasne cos ¢ # 0). Potom:
(M |1)_< sing  cosg|1 0) ~ (sin<pcos<p cos? @|cos ¢ 0)
¢12) " \—cosgp singlo 1/Ri:=(cos@)Ri\ —cosgp sing| 0 1
~ ( sinpcosp cos?g@lcosp 0 ) ~

Ry = (sin@)R2\_singcosp sin?pl 0 sing/Rz:=R;+R
(sin(pcosgo cos? ¢ |cosg0 0 ) -1 (— tgp -1 co_sl<p 0 )
. i R, :=
0 sin? ¢ + cos? plcos ¢ sing/ 1 =7 M\ 0 1lcosp sing
~ —tgp O +cos@ sing ~
Ry :=R;{+R, ( 0 1 cos@ . Ry :=(—cotg )R,
cos ¢ sin @

_ 2
“ﬂ — COS (p) _ (1 0
sin ¢ = 1

sin? @ .

- —cos 1 0|sing —cosg -
)= o )< )=
cos @ sin ¢

cos ¢ sin @ 0 licose  sing

1 0
0 1

s 7 —
Teda pre ¢ # k-~ mame M,t = (

sing —cos (p)
cos@ sing )
Ak ¢ ==+ km, kde k € Z, potom: cos ¢ = 0 asin ¢ = (—1)*. Teda:
_ (=D 0
M2 s jn = ( 0 (—1)’<>
a je regularna. Najdime inverznd maticu:

(M%Hm ’2) = <(_3)k (—g)k 0 2) Ry = (~1)*R, ((_E)ZR (—2)k (_g)k 2)
~ _ k
R, := (—1)kR2 ((1) 2|( ;) (_(i)k> = (12 Mg_ikn)

(—1)k 0 ) B (sin @ —cos <p)
0 (—1¥%) \cosgp sing )
AK ¢ = km, kde k € Z, potom: sing = 0 a cos ¢ = (—1)*. Teda:
0 (-1D*
Mien = ((—1)k+1 0 )
a je regularna. Najdime inverznd maticu:

(0 (-D*1 0y ~ (=Dt 0
(Mk”|’2)‘((_1)k+1 o o Drer( (—1)*

Teda pre ¢ = g + km mame M, = (

0 1 ~
1 0)Ry:=(1DFIR,



((_1)2k+2 0
0 (—1)k

0 (—1k+t ~ 1 0 0 (=1k+1y )
1 0 )R2‘=(—1)kR2<0 1|(_1)k 0 >—(12|M1m)

0 (—1)k+1> _ (sinq) — cos (p)
(—1D* 0 cos@ sing )
Celkovo teda pre l'ubovol'né koneéné realne ¢islo ¢ plati:
M1 = (sm(p —.cos <p).

4 cos@ sing

Teda pre ¢ = km mame M(;l = (



