KOMPLEXNE CISLA

Algebraicky tvar komplexného ¢islaz€ C:z=x + iy, kdex e R,y e Rai? = —1.
Realna ¢ast’ komplexného Cislaz € C: x = Re z.
Imaginarna ¢ast’ komplexného ¢islaz € C:y = Im z.

Znazornenie komplexného cisla
v komplexnej rovine

1,2

z=(xy)

Re z

S¢itovanie komplexnych ¢isel z; € C, z, € C, kde z; = x; + iy, 2z, = x, + iy, -

Z1+2; = (X +iy)) + (xp +iyy) = (X +x3) +i(y; +¥2)

Priklad 1: Scitajte komplexné ¢isla z; € C, z, € C, kde:
a) zy=3+2i,z,=—1-5i
z1+2,=@B+20)+(-1-5)=@B-1)+i(2-5)=2-3i
b) zy =-2+4+4i,2z,=2—-4i
2+ 2, = (—2+4)+(2—4)=2-2)+i(4—4)=0+0i=0
7

5 . .
C) Zl——\/E‘FEl,ZZ—l—%l

zl+zz=(—\/§+%i)+(1—li>=(1—\/§)+i(2—1>=1—\/§+ii



d) le_g_gi,Z2=_3+gi

5 .
—€+g)——6+0l——6

zl+zz=(—3—%i)+(—3+gi)=(—3—3)+i(

Nasobenie komplexnych ¢isel z; € C, z, € C,kde z; = x; +iy; 8z, = x, + 1y, :
2125 = (1 + iy1) (g + iy2) = X125 + X1y, + iy, + 2y1y
= x1X +ix1y; +iy1X; —y1Y2 = (X122 — y1Y2) +i(x1y2 + y1x2)

Priklad 2: Vynasobte komplexné Cisla z; € C, z, € C, kde:
a) 21:3+2i,22:1_5i

212, = (3+20)(1—5i)=3—-15i+2i —10i? =3+ 10+ i(2—15) = 13 — 13i
b) 21:13,22:1_i

7,2, = 13(1 —i) = 13 — 13i
, 1,
c) z, =8i, 2z, =—3+Zl

1 8
2,2, = 8i (—3 +Zi) = —24i+ 1% = ~2 - 24i

d) 21=—3—2i,22=—3+§i

5,) g 25, _,, 25 _324 25 349
6') = YT 736736 736 36
Speciélne:

Priklad 3: Vypoditajte i325,

j3259 — 325643 _ ;

(814443 = (4)814i3 = 1 (—{) = —i



Odcitovanie komplexnych Cisel z; € C, z, € C,kde z; = x; + iy, a2z, = xp, + 1y, -

zy—Zy = (x1 +iy) — (2 +iyz) = (g +iy) + (=22 —iyp) = (61 —x3) +i(y1 — ¥2)

Komplexne zdruzené ¢islo ku komplexnému ¢islu z = x + iy je ¢islo Z = x — iy.
Plati:
z+z

2 )

z+Z=2x=2Rez= Rez =

z
z—z=2y=2ilmz=Imz = T

zZ = (x +iy)(x —iy) = x% + yZ.

Delenie komplexnych ¢isel z; € C, z, € C,kde z; = x; +iy;az, =x, +iy, #0:

21 _ (g +iy) - Gatiy) (i —iy2) - XX — Xy, +iyiX, + y1y,

Zy B (x2 +iy3) B (xy + iy2) (x5 — iy,) B x% + 3’22
X1X2 T V1Y2 . (V1X2 — X1Y2
= 2 7 Tl 2 2
x5 +Y; X3 +y;

Priklad 4: Vydel'te komplexné ¢isla z; € C, z, € C, kde:

a.) lez_i,22:_1+3i

Z, 2—1 (2—i)(—1—31‘)_(2—i)(—1—3i)_—2—3—6i+i=—5—5i

z, —1+4+3i \-1+3i/\-1-3i (-1)2+32 1+9 10
11
-T2 2!

z; 13 _(13)(1+i>_13+13i_13 13

z, 1-i \U-iJ\1+i/° " 2 2 T2t

C) z7=2+8i,z, =1

zy 2+8i 2+ 8iy\ /—i —2i—8i? -2i+8 .
LIy st ey

7, i i — —i2 1

d) z, =—18—19i,z, = 3 + 6i

zy  —18-9i —92+i) -3+ -20) -3(2-4i+i+2) -3(4-30)
z, 3460 3(1+2) (@@+20(1-20) 1+4 B 5
12+9,
=—-——+=1

5 5



Goniometricky (trigonometricky) tvar komplexného ¢isla z € C: z = |z|(cos ¢ + isin ¢), kde

|z| = /x? + y? je absolttna hodnota komplexného ¢isla z = x + iy a ak z # 0, tak orientovany
uhol @, pre ktory z = |z|(cos ¢ + i sin ¢), nazyvame argument komplexného ¢isla z.
Uhol ¢ € (0, 2m) (alebo ¢ € (—m, 7)) je teda taky, Ze: cos ¢ = — a stdasne sin ¢ = =

|z |z|
KedZe zZ = x? + y?, tak |z| = Vzz.

Exponencialny tvar komplexného &isla z € C: z = |z|e'?.
Eulerova formula: e’ = cos ¢ + i sin ¢.

Priklad 5: Komplexné ¢islo z € C zapiste v goniometrickom a exponencialnom tvare, ak:

a) z=1-iV3
2l = (12 + (—V3) =vT+3=Vi=2,

. ;s 1. . : 3 5
¢ € (0,2m) je taky, Ze: cos @ = asucasnesing = —=¢ = 2n—§=§n

5 . .5 i3
Teda: z = 2 (cos;n + lsmgn), resp. z = 2e's".

b) z=-1-1i
2| = (D2 + (-D2 =V1+1=V2,
: . 1 . : 1 5
(pE(O,Zn)Jetaky,ze:COS(p=—\/—Easucasnemn(p:—ﬁ:><p=n+%=2n

.5
Teda: z = \/E(cos%rt + isinin), resp. z = \/2e's"

WZ+1+ilV2 -1

|z|=Jﬁ+1+x/§—1=J2x/§,

\/E a sucasne sin ¢ = J%l = @ € (0, 7T)

1/ \/—+1 1+— 1+cos—

cos @ = ’ / ’
sino = JV2-1 _ [V2-1 _ 1—% _ 1—cos§
(p_,/zﬁ_\jzﬁ_ 2 N2 )

Teda: z = 23/* (Cosg + ising), resp. z = 23/%e's

O
~—
N
Il

@ € (0,2m) je taky, Ze: cos @ =

Sucin komplexnych &isel z; € C, z, € C v goniometrickom tvare: z; = |z,|(cos ¢ + isin @),
z, = |z,|(cosy + i siny):

2125 = |z1|(cos @ + isin@)|z,|(cosy + isiny) = |z;||z;|(cos @ + isin@)(cosy + isiny)
= |z1]|z,|(cos ¢ cos P — sin @ siny + i(sin ¢ cos P + cos @ sinYP))
= |z111z2|(cos(@ + ) + isin(p + 1))



Podiel komplexnych ¢&isel z; € C, z, € C v goniometrickom tvare: z; = |z,|(cos ¢ + i sin @),
Zy = |zy|(cosyp +isiny) # 0 :

z;  |zi|(cos@ +ising) |z1|(cos¢e + isin¢)(cosy — isiny)
Z - |z,|(cosy + isiny) - |z,|(cosy + isiny)(cosyp —isiny)
|z1|(cos ¢ cosp + sin @ siny + i(sin ¢ cos P — cos @ siny))
- |z5|(cos? Y + sin? )
|24 |

Zl (cos(e — ) + isin(ep —Y))

Moivreova formula: (cos ¢ + isin @)™ = cos(ng) + i sin(ng) pre vSetky n € N.
Umocnovanie komplexného ¢isla z€C : z" = (IZI(COS(p + isin (p))n = |z|"(cos @ +
i sin(ng))"™ = |z|"(cos(ng) + isin(ng)), kde n € N,

Priklad 6: Vypocitajte z", ak:

a)z=1-iV3,n=3

Z prikladu 5a) vieme, ze: z = 2 (cosgn +1i singn).
Potom:
z3 =28 (cosEn + isin§n)3 =8 (cos (3§n) + isin (3§Tr))
3 3 3 3
= 8(cos(5m) + isin(5m)) = 8(cos(mw + 4m) + i sin(mw + 4m))

= 8(cosm + isinm) =8(—1+ 0i) = -8
b) z=-1-i,n=5

Z prikladu 5b) vieme, Ze: z = V2 (cos %n +i sin%n).

Potom:
5

z5 = (V2) (cos T+ Lsmin) = 25/2 (cos (%n) + isin (?n))
= 25/2 (cos (% + 67'[) + isin (% + 67'[)) = 25/2 (cos (4) + i sin (Z))

—4\/_(\/_+l?)—4+4i

12
Priklad 7: Vypoditajte (_flﬂ)

Exponencilny tvar komplexneho gisla —V3 + i je 2% a komplexného &isla 1 — i je v2e's s

Preto podiel: ‘F:Ll =2 L = VZ2ele™im) = VZe T = VZeln™. 7 toho:
i




V34 13 12 . . .
-] = (x/iellz”) = 20p113™ = 64l(T+12M) = 40" = 64(cosT + i sinm) = —64

Riesenia binomickej rovnice z" =w, kde z€ C, w € C a n € N. AK goniometricky, resp.
exponencialny tvar komplexného &islaw je w = |w|(cosy + isiny), resp. w = |w|e*¥, tak
vSetky rieSenia binomickej rovnice z* = w su:

21

n Y 27T> . (ll/ ))
="/ —+ k— —+k—|], kdek =0,1,2,...,n—1
Z |lw| <cos (n + - + isin - + - e n

resp.:

(2
Z, = 4/ leel(?Lan), kdek =0,1,2,..,n—1

Priklad 8: Najdite vSetky rieSenia rovnice z"* = w, ak:
a) w=8i,n=3

Exponencidlny tvar komplexného &isla w je w = 8e'z, tj. [w| = 8ay = %

Rie$enia rovnice teda su:

(TC 2T
2 = Y8e'(6%F) kde k = 0,1,2,

tj.:
ol = 2 (cos T a isin®) = 2 (V3L E)
20—266—2(cos6+lsm6)—2<2+2>—\/§+l,
(T, 2T 5 5 5 N
Z; = Zel(6+ 3) = 2e's" = Z(COS (Eﬂ) + isin (gn)) = 2<—7+§> =3+,

.(TL’ 41

T AT i3 3 3
z, = 2e"\6" 3) = 2e'2" =2 (cos (En) + isin (571)) =2(0—-1i) = —2i.

Grafické znazornenie
rieSeni rovnice
v komplexnej rovine

Imz




b) w=—-4n=4
Exponencilny tvar komplexného &isla w je w = 4e'® tj. lw| = 4ay = m.

Riesenia rovnice teda su:

(TT T
2, = YA T2) kde k = 0,1,2,3,

tj.:
Zo=\/§ei%=\/§(cos%+isin%)=\/—<\/1_ \/._)—1+l
= VZ2el#*3) = yzeir = \/E(cos Gn) + isin (Zn)) = \/—<—% + \/l_)
=-1+1i,
Zy = \/Eei(%m) = \/Eei%" = \/E(cos (Zn) + isin (Zn)) = \/E(—% - \%)
=—-1-—1,
Z3 = \/Eei(%+37n) = \/Eei%" = \/E(cos (%n) + i sin (271)) \/—(\/i_— %) =1-i

Grafické znazornenie rieSeni
rovnice v komplexnej rovine
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