
LA 10.6.2013 Meno:

zpoet Pr1 Pr2 Pr3 Pr4 Pr5 Pr6 Pr7
∑

znmka

v poliach R a C

1. [13 bodov] Dan je matica A =

 1 2 1
1 1 −1
−2 3 4

 a b =

 1
1
0

. Urte

a) [1] stopu matice A, b) [3] minimlny polynm mA,b(λ) (vektora b vzhadom na maticu A),

c) [3] vlastn sla matice A, d) [4] Jordanovu maticu J a maticu P , pre ktor A = PJP−1,

e) [2] maticu f(J), pre f(λ) = (λ− 2)9 + λ2 − 1.

2. [8] Njdite rovnicu priamky y(x) = kx+ q, pre ktor je set
2∑

i=−2

|y(xi)− yi|2 najmen. Hodnoty yi s v tabuke →
xi −2 −1 0 1 2
yi −1 0 2 3 4

3. [10] Nech A =


2 −2 −1 0 2
1 −1 1 0 2
0 0 6 3 1
1 −1 1 1 1

 ∈ R4×5. Lr(A) = span{A1∗, A2∗, A3∗, A4∗} je riadkov,

Ls(A) = span{A∗1, A∗2, A∗3, A∗4, A∗5} stpcov a N(A) = {x ∈ R5×1 : Ax = 0} nulov priestor matice A.
Urte bzy a dimenzie priestorov Lr(A), Ls(A) a N(A).

4. Nech L, M s linerne priestory nad poom R, B = {b1,b2,b3,b4,b5} je bza priestoru L, D = {d1,d2,d3}
je bza priestoru M . Napte

a) (1 bod) dimM b) (1 bod) sradnice
[
2b1 − b3 + 3b4

]
B

c) [3] maticu TBD linerneho opertora T urenho vzahmi
Tb1 = d2, Tb2 = d1 + d2 + d3, Tb3 = 2d1 + d2 + 2d3, Tb4 = 0, Tb5 = −d1 + 2d2 − d3.

d) [3] dim kerT a dim ranT

V konench poliach

5. [6 bodov] Pomocou Euklidovho algoritmu zistite, či má polynóm f(x) = x4 + x3 + x + 1 ∈ P (Z3) koreň
násobnosti aspoň 2.

6. [10] V poli F riete sstavu linernych rovnc

a) F = Z2 x1 + x3 + x4 = 1
x2 + x3 = 0

x1 + x2 + x4 = 1

b) F = Z3 x1 + 2x3 + x4 = 1
2x2 + x3 = 2

x1 + x2 + 2x4 = 1

7. a) [2] Napte koko prvkov m pole F = P (Z2)/(x3 + x+ 1).

b) [3] Vypotajte (x+ 1)(x2 + x) (mod x3 + x+ 1).

c* [3] Dokte tvrdenie: Ak je f(x) ∈ P (F ) ireducibln polynm, tak m kad prvok 0 6= h ∈ P (F )/f(x) inverzn
(t.j. ∃g ∈ P (F ), pre ktor g(x)h(x) = 1 (mod f(x))).



Riešenie.

1a. trace(A) = 6,

b) A =

 1 2 1
1 1 −1
−2 3 4

, Ab =

 3
2
1

, A2b = A(Ab) =

 8
4
4

, A3b = A(A2b) =

 20
8
12

, 1 3 8 20
1 2 4 8
0 1 4 12

 R1 ↔ R2

R2 −R1
∼

 1 2 4 8
0 1 4 12
0 1 4 12

,
a3 = 0, a2 = 1
a1 = −4
a0 = 4

, t.j. mA,b(λ) = λ2 − 4λ+ 4 = (λ− 2)2

c) λ1,2 = 2, 2 + 2 + λ3 = trace(A) = 6 =⇒ λ1,2,3 = 2

d) Z rovnice (A − 2I)P∗3 = 0 dostaneme P∗3 = (1 0 1)>, potom rieime sstavy (A − 2I)P∗2 = P∗3 a
(A− 2I)P∗1 = P∗2:−1 2 1

1−1−1
−2 3 2

∣∣∣∣∣∣
1 1
0 1
1 0

 R1 + R2

R3 + 2R2
∼

 0 1 0
1 −1 −1
0 1 0

∣∣∣∣∣∣
1 2
0 1
1 2

 , P =

 1 1 1
2 1 0
−2 0 1

 , J =

 2 0 0
1 2 0
0 1 2



e) f(2) = 3; f ′(λ) = 9(λ− 2)8 + 2λ, f ′(2) = 4; f ′′(λ) = 72(λ− 2)7 + 2, f ′′(2)
2! = 1 =⇒ f(J) =

 3 0 0
4 3 0
1 4 3



2. A =


−2 1
−1 1

0 1
1 1
2 1

, b =


−1
0
2
3
4

. A>A =
(

10 0
0 5

)
, A>b =

(
13
8

)
.

A>A

(
k
q

)
= A>b =⇒ k = 1, 3 , q = 1, 6, y(x) = 1, 3x+ 1, 6.

3. 
2 −2 −1 0 2
1 −1 1 0 2
0 0 6 3 1
1 −1 1 1 1

 ∼


1 −1 1 0 2
0 0 3 0 2
0 0 0 1 −1
0 0 0 0 0

 = B

Br = {B1∗, B2∗, B3∗} = {(1,−1, 1, 0, 2); (0, 0, 3, 0, 2); (0, 0, 0, 1,−1)}, dimLr(A) = 3 = dimLs(A)
Bs = {A1∗, A3∗, A4∗} (st́lpce matice A, v ktorch m upraven matica pivoty), dimN(A) = 5 − 3 = 2,
BN(A) = {(−4, 0,−2, 3, 3)>; (1, 1, 0, 0, 0)>} (bza rieenia sstavy Ax = 0).

4. a) dimM = 3, b) [2b1 − b3 + 3b4]B = (2, 0,−1, 3, 0)>, c) TBD =

 0 1 2 0 −1
1 1 1 0 2
0 1 2 0 −1

,

d) dim kerT = 3, dim ranT = 2.

5. f1(x) = x4 + x3 + x+ 1, f2(x) = f ′(x) = x3 + 1
(x4 + x3 + x+ 1) : (x3 + 1) = x+ 1 =⇒ gcd(f, f ′) = x3 + 1, c = −1 je kore polynmu f ′ =⇒ polynm f
m kore nsobnosti ≥ 2.

6a. P = {(1, 0, 0, 0); (0, 0, 0, 1); (0, 1, 1, 0); (1, 1, 1, 1)}

6b. P = {(2, 2, 1, 0); (2, 0, 2, 1); (2, 1, 0, 2)}

7a. 23 = 8

7b. (x+ 1)(x2 + x) = x(x+ 1)2 = x3 + x = (x3 + x+ 1) + 1 = 1 (mod (x3 + x+ 1)) (v P (Z2))

7c* h 6= 0 (mod f(X)), stuph < stup f =⇒ gcd(h, f) = 1.
Teda ∃a(x), b(x), pre ktor 1 = a(x)h(x) + b(x)f(x) = a(x)h(x) (mod f(x)), t.j. g(x) = a(x).


