CVICENIE — 1. TYZDEN

. Rieste ststavy linedrnych rovnic (v poli R)

4r1 — 220 + 23+ 214 =3 201 + 220 +x3 — x4 =4
3rx1+ a2 +2x3 —x4 =1 3rx1 — X2 +2x3 — x4 =3
209 —x3 — x4 = 2 3rxg —x3—x4 =1

[{(%7523a7a,3+2a) :aeR}:{(%7%3b7#,b):b€R}] {(2-a,1,a,2—a): a € R} ={(b,;1,2—b,b): b € R}]

.V obore komplexnych ¢isel rieste rovnice

. . . , 14i 1 .
22431z —1+2i=-2+i [-Z+ig], b) i 1 i [2+1],
o=l = B = )

. Rieste binomické rovnice, rieSenie zndzornite v komplexnej rovine.

a) 22 =1, [zk:ei(%'””), k:o,l]; b) 24 = —4, [zkzﬁei(%+k%>, k=0,1,2,3]
24 =24 2/3i, [zk = VB ETFE) = 0,1,2,3]; d) 2% = —i, [zk — HEHEE) ), 1,2].
1+ 42015 1—2)(1 —2
. Vypocitajte ¢isla a) (1 + Z) , [=i; b) %, [-2 - Li] a zndzornite ich v komplexnej rovine.
—1 i

5. Uréte p € {0,1,...,16} a g € N, pre ktoré je 291 =17¢+p [p=2, ¢=17].

6. Urcte mnohoclen p(z) € P(R) stupa najviac 2, a mnohoclen g(z) € P(R), pre ktoré plati

20t — 2P+ +2= (23 — 22+ 1)q(z) + p(z). [a(e) =22 +1, p(z) =22 —z +1]

TYZDEN 2
. Uréte a € {0,1,2,...,n — 1}, pre ktoré
a. 35— 128 +15° = a (mod n) pre n = 2,5, 17, [0, 2, 1]
b. 166 + 234* + 1126° = a (mod n) pre n = 2,3,5, [0, 2, 3]
c. 7810 + 55 =@ (mod n) pre n = 2,3,5,7, [1, 1, 4, 0]

. Ukéite, ze 13](2'%° 4+ 10), ( pomocka: 100 =4 x (3 x 8+ 1), 2* =3 (mod 13), 3% =1 (mod 13),
= ((2%)?® +10) =0 (mod 13))

3. Dokézte, ze pre kazdé n € N je n® — n delitelné piatimi.
. Dokéite, 7e pre kazdé n € N je 62" — 8 delitelné siedmimi. ( pomécka: 6 = —1 (mod 7),8 =1 (mod 7))

5. Rieste rovnice v poli Z5 a) 2° + 2 + x = 3; [{1,3}]
b) 2° +2* + 322 +22+3=0 [{1,3}]

. Vydelte polynmy: (223 + 322 + 4z +3): (22 + 2+ 1) a) nad R, b) nad Zs.
[a) ajb) 2% 4322 +4zx4+3= (2 +z+ 1)z +1)+z+2]

7. Urcte % € Zs, % € Zs (prvok inverzny k 2).

8. Pomocou Euklidovho algoritmu vypocitajte prvok inverzny (vzhladom na nésobenie) k prvku a v poli Z,,.

a) a=12,p=37, b)a=12,p=41, c¢)a=14,p=097,[a) 34, b) 24, ¢) 7|

. Napiste vsetky ireducibilné polynmy z P(Zs) stupa 2,3 a 4. [224+z+1, 23 +z+1, 23+ 224+ 1, z* + 241, 2* + 23 +1,
z4+13+x2+x+1]

. Rozlozte na stcin ireducibilnych polynmov nad polom K polynm

a. 22 4+ 2 + 1, K=C,R,Z>, Z3,Z5 [nad C: (v + % +i§)(m+ % —i@),
nad R, Zo2, Zs: a2 +x+1, Z3: (a:+2)2]

b. ® +z + 1, K=25725,75 [ Z2,Z5: 3 + 2+ 1, Z3: (z —1)(z? + 2 +2)]
c. 27+ 25+ 23 +2+1, K =7, (vyuzite vysledok prikladu 9.) [27 +2° + 2% + 2 + 1]



CVICENIE — 3. TYZDEN

. Pomocou Euklidovho algoritmu uréte a(z), b(x) pre ktoré,
ged(f1(2), fa(@)) = al@) f1(x) + b(x) fa ()
a. fi(w) =423 — 222+ 1, fo(x) =222 - 32 -2 v P(O) [a() =1, b(z) = —2(z + 1)]

b. filz)=a"+2%+at+ 22+ 2+ 1, folx) =2 +22+2+1 v P(Z)
[a(z) =22 + 2+ 1, b(z) = 2 + 2% + 23 + 2]

c. file)=a"+2°+2t+22+a+1, folx)=2*+22+2+1 v P(Z3)

[a(z) = = + 1, b(z) = 22* + 223 + 1]
. Pomocou Euklidovho algoritmu zistite, ¢i ma polynm f(z) ireducibilny delitel’ ndsobnosti viac ako 1.
a. f(x)=a*+423 +1022 +122+9 v P(R) [4no]
b. f(x) =2* +423 + 1022 + 122 -9 v P(R) |
c. fle)=a"+a%+at+22+2x+1 v P(Z2) [nie
d f@)=2"+2°+2* +22 +2+1 v P(Z3) |

. Vypocitajte
a. 323 —222 +2 -5 (mod 2> +x+1) v P(R) |[34]
b. 4zt +32% — 222 + 2 — 5 (mod 222 +1) v P(R) [-1z-3]

c. '+’ +at+ a2+ +1 (mod 22 +2+1) v P(Zs) [z+1]
. Pomocou Euklidovho algoritmu vypocitajte

a. ()" v P(Z2)/(2rar1) [+

b. (z)™' v P(Z2)/@s4arr) [e?+1]

c. (@) v P(Z)@srartr) (22 +4a]

d @ +z+1)7" v P(Z)/@trat tartary) [0 +1]

. Napiste pole, ktoré méa presne

a. 8 prvkov, b. 9 prvkov, c. 13 prvkov. d. 18 prvkov
. Roz8irent maticu sdstavy linedrnych rovnic upravte na redukovani stupoviti a napiste mnozinu P vSetkych
rieSeni
a. vpoli R
201 + a2 — 323 =0 10 2 | _1 1 2
3 3 P={(—2a— -, - 4+ 13a,3a): R
32y + 23 = —1 <01 i %) {(=2a = 3,5 + 130, 30): a € R}
b. v poli Z5
T1+x9+23=0
Ty +a3t+rs=1 P={(0,1,1,0)5(1,1,0,0)}
Ty +ax9+x3+24=0
c. v poli Zs
1 +2x9+2x3=0
T1+x3+1wg =1 P={(1,1,0,0);(0,0,0,1);(0,1,1,0);(1,0,1,1)}
To+ax4 =1
d. v poli Z3
71+ w2+ 205 =0 100 1]2
221 + 23+ x4 =2 01 0 1|2 P={(2,2,1,0);(1,1,2,1);(0,0,0,2)}
T1+2r2 +x3 + 214 =1 00 L 2)t




CVICENIE — 4. TYZDEN

1. Rieste sustavy linedrnych rovnic (v poli Z3)

a. b. C.
r3t+ax4 =1 Tot+r3+ax4 =1 To + x3 =
21+ T2+ x4 =0 1+ w2 +xs =1 T+ 22 =0
r1+x3+x4=0 T1+ 23+ x4 =1 To+ T3+ x4 =
d e. f.
1 +a3 =1 1 t+a3=1 1 t+r3+x4=1
T1+a9+xy =1 To+x3=1 o+ x4 =0
T3+ x4 =1 T1+r9+2x3=1

a) {(1,1,1,0);(1,0,0,1)}, b) {(1,1,1,1);(0,0,0,1)}, <) {(0,0,1,0);(1,1,0,0)}, d) {(0,1,1,0);(1,1,0,1)},
e) {(0,0,1)}, f){(1,0,0,0);(0,1,0,1);(0,0,1,0);(1,1,1,1)}

2. Rieste ststavy linedrnych rovnic (v poli Zs3)

~ T, 4+ 229 + 23+ 224 =0 > 201 +x9 + 23+ 224 =0 “ 201 + x0 + 223 + 224 = 2
To + 2x3 4+ 224 = 2 229 + 223+ 224 =0 To + 223 =0
2x9 4+ 213 + 2204 = 2 203+ 2x4 =1 2034+ x4 =0

d. e. f.

T1+ a9+ 23 +224 =0 1+ 209+ 23=1 201 4+ 229 + 203 + 224 = 2
To + 2x3 + 224 = 2 21 + 222+ 23 =0 200 +x3 =1
201 +x3+ 24 =1 r1+2x3=0 x3+2x4 =1

201 + o+ 23+ x4 =2

a) {(2,0,1,0);(1,0,0,1);(0,0,2,2)}, b) {(0,1,2,0);(1,1,1,1);(2,1,0,2)}, ¢) {(1,0,0,0);(0,1,1,1);(2,2,2,2)},
d) {(1,0,0,1);(2,1,1,1);(0,2,2,1)}, e) {(2,2,1)}, )0

3. Hermitovou metdou urcte mnozinu vsetkych celo¢iselnych rieseni sustavy

a. T1+2x3+x3+2x4 =0 Pz ={(-24a—b,2—2a,-2+3a—b,b): a,b € Z}
3T + 223 + 214 = 2

b. 2x1 + 2z + 43+ 314 = 3 Pz = {(—6 —2a — 13b,b,a,5 + 8b): a,b € Z}
T1 — 3T + 23 +2x4 =4

c. 2x1 + 2x9 —4x3 +2x4 — 35 =5 Py ={(10 —a+2b—c—3d, a,b,¢c,5—2d): a,b,c,d € Z}
d. 221 + 229 — 423+ 224 — 225 = 1 Py =0
4. Rozhodnite, ¢ je linedrne nezavislda mnozina M C R*.
a. M ={(2,2,0,-1);(1,2,3,0):(0,1,2,-1); (3,3, 1,0)} [LZ]
b. M ={(1,2,1,-1);(1,2,3,0);(0,1,2,—-1); (1,1,0,0)} [LNZ]
c. M ={(3,2,1,0);(0,1,2,3):(1,0,1,0)} [LNZ]
5. Rozhodnite, & je linedrne nezavisla mnozina M C Z3.
a. M =1{(1,0,1,1,0);(1,1,1,1,1);(0,1,1,1,1);(1,0,1,0,1)} [LNZ]
b. M = {(1,0,1,1,0);(1,1,1,1,1);(0,1,1,1,1); (1,0,1,0,1); (0,0,1,0,0)} [LNZ]
c. M ={(1,1,1,1,0);(1,1,1,0,0);(0,0,0,0,1); (0,0,0,1,0)} [LZ]
6. Ukazte, ze mnozina M funkcii R — R je linedrne nezavisld.
a. M ={1,z,22 2%}

b. M = {sinz, sin 2z, cos z, cos 2z}



CVICENIE — 5. TYZDEN

1. Zistite, ¢i je M C R? podpriestorom linearneho priestoru (R?, +,-) s obvyklym séitanim a ndsobenfm skaldrom.
V pripadoch, ke je M podpriestor napiste jeho bazu a dimenziu.

a. M = {(z1,22,23) € R®: 221 + x5 — 3z3 = 0}, [B={(1,-2,0);(0,3,1)}, dim M = 2]
b. M = {(z1,22,23) € R3: 221 + x5 — 3z3 = 1}, [ nie je podpriestor]

c. M ={(x1,22,73) € R3: 211 = 15 = —23}, [B={(1,2,-2)}, dim M = 1]

d. M = {(z1,72,73) € R®: 1122 > 0}. [ nie je podpriestor]

2. Zistite, ¢i je M C R* podpriestorom linedrneho priestoru (R*, +,-) s obvyklym sé¢itanim a ndsobenim skaldrom.
V pripadoch, ked’ je M podpriestor napiste jeho bazu a dimenziu.

M = {(x1,22,23,74) € R*: 221 + 25 — 323 = 0}, [B = {(1,-2,0,0); (0,3,1,0); (0,0,0, 1)}, dim M = 3]

M = {(z1,22,73,24) € R*: 221 + 22 — 3w3 + T4 = 71 + T2 — 223 + x4 = 0},
[B ={(1,1,1,0); (0, ~1,0,1)}, dim M = 2]

IS

c. M= {(xl,IQ,I3,$4) € R*: 22 = To,T1 + T3 — 2T4 = 0}, [B ={(1,2,-1,0);(0,0,2,1)}, dim M = 2]
d. M = {(z1,72,73,24) € R*: 212797324 > 0}. [ nie je podpriestor]

3. Rozhodnite, ¢i je B baza linearneho priestoru L nad polom K. Ak je, tak urcte stpec suradnic vektora u
vzhladom na bdzu B = {by, b, bs}.

a. L=R3 by =(0,1,-1), by = (1,2,-1), b3 = (2,2,1); u = (4,5, -2) [ (=5,6,—1)T]
b. L = Py(R) je priestor vSetkych polynmov najviac 2. stupa.
bi(z) = 2% — 2, ba(z) =2+ 1, by(x) = 1; u(z) = 1 + z + 22 [(1,2,-1)7]
c. L=273.by=(0,1,1), b2: (1,0,1), by = (1,1,0), x = (1,1,1) [ B nie je béza.]
d. L=C3 b; =(0,1,1), by = (1,0,1), b3 = (1,1,0), x = (1,1, 1) (3,1, 7]
4. Oznacme L ( ) (Lr(4)) hnearny obal stpcov (riadkov) matice A. Urécte bazu Bs (B;) priestoru Ls(A) (L,(A)).
Napiste dim Ly(A) a dim L, (A).
21 0 1 0
00 1 2 1
a. A= 0000 3 € RS, [ By = {A1s, Aox, A3u}, Bs = {Au1, Aus, Aus}, dim Ly, = dim Ly = 3]
00 0 0 O
f 1 (2) (1’ 1 1000 1
— 4 x5 ~ _ 010 0-1 Br:{Bl*,B2*7B3*,B4*}
B-A=10 1 2 2 1)SE [A"B=10010 0] Bo={Au A Aus, Aus)
1 2 31 0 0001 1
0 1 1 0 11 100 10 0
(2 10012 4x6 _|o1o0-21 2 B = {Bi., B, B3.}
¢ A= 1 011 1 1 1€ AYB= g0 5 00| Bs = {As1, Asz, Aus}
11 2 1 1 0 000 0O O
-1 1 3 2 1 1 0-1-1-1
dA=[1 -1 2 1 1| er> |anB={01 2 1 0|, B ={B DB Dbs}
00 5 3 2 BS:{A*17A*27A*3}

-2 -1 0 1 2

5. B = {by,ba, b3, by} je bdza linedrneho priestoru L. nad polom K. Napiste dimemziu priestoru L a stradnice
xp, ak

a. K = R, x =3b; — b3 + 2by,

b. K =R, x =2(by — ba) + 3(b; + 2bz — bs) + 3(by1 + by)

c. K=75,x=Db;+bs

[dimL =4a) x5 =(3,0,-1,2)T, b) x5 = (8,4,-3,3)7, ¢) x5 = (1,0,1,0) 7]

CVICENIE — 6. TYZDEN
1. Rozhodnite, & je zobrazenie T: R* — R? linedrne. Ak 4no, uréte bazu B jeho jadra a dimenzie jeho jadra a
oboru hodnt.

a. T(x1,z2,x3,%4) = (x1 — T2 + 223 — T4, 221 + T2 — X4, 32 — 43 + T4)
[ B={(-2,1,0,-3);(2,0,1,4)},dimKer T = 2, dimRan T = 2

b. T(x1,22,23,24) = (221 + T2 — ¥3 + T4, T1 — T2 + T3, Ta)
[ ={(0,1,1,0)},dimKer 7T =1, dimRanT = 3

c. T(xy,2,23,74) = (123, T2 + T4, 201 + 23)  nie je LO



2. Vypocitajte stiradnice vektora x vzhl'adom na usporiadant bazu B priestoru R3, resp. R*.
a. x=(-8,5,—-4),B={(2,-1,2), (5,-3,3), (-1,0, =2)} [xg=(1,-2,0)T]
b. x =(-8,5,-4), B={(2, 5, -1),(-1, =3, 0),(2, 3, —2)} [xs = (70,82, -33)7T]
c. x=(6,-1,7,-1),B={(1,0,2, -1),(0, 1, 4, —2),(2, -1, 0, 1); (2, -1, =1, 2)} [ (2,1,1,1) 7]
d. x=(-1,9,-1,3), B={(11,1,-1,-1),(-1,9,-1,3),(-1,1,11,-1); (1,3,1,9)} [ (0,1,0,0)T (x = ba)]

3. Rozhodnite, ¢i je zobrazenie T linedarne. V pripadoch, ked je T linedrne, napiste jeho maticu vzhl'adom na
standardné bazy (€, presnejsie &, stand. bdza v R").

a. T: R® — R% T(x1,79,73) = (v1 — 229, T2 + 373)

b. T: R? > R2, T(xl,acg,acg) = (xl - Lo, To + X3)
c. T: R® — R?, T(x1,22,23) = (221 — 2, 3,71 + 22 + 23)
d. T: R® = R3, T(x1,22,73) = (11 — 22 + 23,272 — ¥3,T1 + 279 — T3)
e. T: R — R3, T(x1,22,73) = (172,232 — 13,71 + 272 — 73)
1 2 0 2 -1 0 1 -1 1
Vysledky: a. Tgye, = (0 _1 3), cc. Tg=(0 0 1 d Te =0 2 -1 b.,e.: T nie je linedarny
1 1 1 1 2 —1
operator

CVICENIE — 7. TYZDEN

1. Napiste matice linedrneho operdtora [Tleg, [T|gs, [T)es, [T)ss, Je niektory z vektorov bz B, £ vlastnym
vektorom operatora 17

a. T R2 — R2, Tx = X, &= {61,62}, e = (1,0), €y = (0, 1); B = {bl,bg}, b1 = (—1, 1), b2 = (1, —2).
b. T: R?> = R?, T(x1,22) = (w1 — 32,321 + 22), £ a B st rovnaké ako v priklade a.

c. T: R® — RB, T(xl,IQ,Ig) = ($1 — 329,321 + T2 +I3,0), & = {el,eg,eg}, ey = (1,0,0), ey = (0,1,0),
€3 = (0705 1)7 B = {blab27b3}7 by = (Oa 1, 1)) by = (15070)5 b; = (07 150)

d. T: R® — R3, T(z1,29,73) = (221 — 22 + 3,271 + 222 — 23,71 + 222 — 23), £ a B st rovnaké ako v priklade
c.

e. T: R = R? T(x1,22,23) = (2 + o3, 71 + 229 — 223,72 — 13), £ a B st rovnaké ako v priklade c.

f. T: R® = R3 T(x1,72,73) = (421 + 23, —221 + T2, —211 + 13), € je rovnaka ako v priklade c.,
B = {b1,bs, b3}, by = (0,1,0), by = (—1,2,2), by = (—1,1,1).

1 0 -2 -1 -1 1
a. TE£:TBB:(O 1),T55=(_1 _1)7TBE:(1 _2)

1 -3 -5 5 10 —-15
b-T5£=(3 1)7T£B:(74 2)7TBB:(6 78)TBE:
0
1
0

0 0 0 0 0 -3
-3 0>7TBB: (3 1 3) Tpe = (
1 1 2 3 1

2

=N N O W
|

—

e w
SN——

1 0
<3 !
0 3
2 -1 1 1 2 -1 1 1 0 -1
d. Te = (2 2 —1>,T53 (2 —1 1 )aTBB (0 2 1 2 )
1 2 -1 1 0 0 0 1 1 2
0 1 1 01 -1 0 0 1 2 01
e. Tg = (1 2 —2),T55 (0 1 1 >,TB (2 0 1) Tre = (O 1 2)
0 1 -1 1 1 -1 01 1 0 0 1
4 0 1 0o 1 -1 1 0 0 0 -2 -3
f. Tg=<2 1 0>,T55—(2 0 2>,TB—(0 2 0) TBgZ(l 4 3)
-2 0 1 -6 0 -3 0 0 3 0 4 3

2. Pre linedrne zobrazenia z prikladu 1 urcte dimenziu jadra a oboru hodnt.

(dimKer T,dim Ran T') = 1a,b (0,2); 1c (1,2); 1d (0,3); le (0,3); 1f (0,3)

2 0 11
o Ax1 , . -1 2 2 1 . " s 2 .
3. Rozhodnite, ¢i je u € R vlastny vektor matice A = 1 01 2| Ak ano, napiste prislugné vlastné
2 0 2 0
¢islo.
a. u=(0 1 0 0)",  [rx=g b. u=(1 1 —1 2)",  [nicje

c. u=(3 3 3 3)", [ d. u=(=3 0 3 0)",  [niej



4. Vypocitajte determinanty

) 2 1 2 2 1 2
a. 17” 13. 2-2i, b.|—-1 0 —=1{f], ¢ |0 —1 —=1]|[-24],
! ! 12 0 12 0 0 12
2 -1 3 0 2 -1 3 0
0 1 -2 2 0 1 -2 2 -2 1 ,
dlog 2 o of™ |1 2 o g% f ‘ 1 1—)\‘ [ =% —4]
1 1 -2 3 1 1 -2 3
1—XA 1-X 2-2)
g. 0 2—A 0 [(A=2)(A+2)(1 = N)]
1 0 )\

5. Vypocitajte minimélny polynm matice A € C"™*"

a. A= G 1) [A2 —2)]

b A= (_1

1
11 ) [AZ — 2]
1 1 1
c. A=10 0 0] [A2-2)
1 1 1
6. Vypocitajte minimélny polynm vektora b vzhladom na maticu A € C™*"
0 00 1 1
(1 0 0 1 |0 4 s a9
a. A= 010 1 , b= 0 AT+ 23 =22 — X —1]
00 1 -1 0
00 0 O 1
(1t o000}, (o).,
b-A=1g 10 0] P (0P
0 010 0
1 1 1 1
c. A={0 0 0] b={1] [-22+1?7
1 1 1 1

7. Vypocitajte minimalny polynm matice A € ZJ*"

was (1)

b, A= G (1)) A2 4 1]

1 1 1
c. A=10 0 0] [x
1 1 1
8. Vypocitajte minimdlny polynm vektora b vzhladom na maticu A € Z3*"
0 0 0 1 1
St oo 1), (o)., L,
a. A= 01 0 1 , b= 0 AT+ A+ A2+ A +1]
0 011 0
0 0 0 O 1
|1 0 0 0 |0 4
bB-A=1¢ 10 0P |o| M
0 010 0
1 1 1 1
. A={0 0 0]|b=[1]p2
1 1 1 1




CVICENIE — 8. TYZDEN

1. N§jdite vsetky vlastné ¢isla a vlastné vektory matice A

0 1 1
a A=[1 1 11€ZP° M=0= vi=0,1LDT; =1 = v2=(1,0,1)7],
1 0 0
2 1 2 B 0 1
b. [1 0 1]ezys >\11:>V1<1>,2V1; A22:>VQ<1>,2V2]
1 2 2 L 1 1
1 1 1 B 1 1 1
C 1 1 1 EZSXB /\1=O:>V1=<O>,V2=(1>7V1+V2; Ao =1 :>v3:(1>:|
1 1 1 L 1 0 1
1 1 1 B 2 2
d. 1 1 1 €Z§X3 M =0 = v = (O) , Vo = (1>72V1,2V2,V1+V2,2V1 +va,v1 + 2va, 2vy +2V2:|
1 1 1 L 1 0

2. Vypocitajte stopu, vlastné ¢isla a vlastné vektory matice A € C™*™

a. A= (1 1) |:trace(A):2;)\1:0,v1:p( 1 ),p;ﬁO; )\2=2,V2=p(1)7p7’50}
1 1 -1 1
b. A= (11 1) |:tI‘aCe:0;)\1:\/§,V1:(ﬁlil);Alzf\/i,VQI(l_lﬂ)} [,\272)\]
1
1
1

1 1 1 1
1], M2=0vi=| 0 |,va={ 1 ,V:pV1+QV2,(p)¢(0);>\3:3,V:p 1[,p#0
1 1 0 d 0 1

3. Napiste maticu A € K™*" ktorej minimdlny polynm je f(\) € P(K).

0 0 0 1
a. K=Zo,n=4, fO) =M+ A2+ A+1 (1) (1) 8 1
L\o 0 1 0/]
(/0 0 0 1\]
b. K=2Zy,n=4, fO) =M+ X3+ A+1 (1) (1) 8 (1)
L\o 0 1 1/]
0 0 0 b5
c.KC,n4,f()\))\42)\3+3)\25[ (1) 0 g _03
0 0 1 2
(/0 0 0 5/3
d K=C,n=4, f(\) =3\ —2)3+3)2—5 (1] ‘j 8 fl
L\o 0 1 2/3

4. Rozhodnite, ¢ je matica A € C™*™ diagonalizovatelna. Ak je, tak najdite diagondlnu maticu D a reguldrnu
maticu P, pre ktordi A = PDP~L.

(14 12 (4 3 _ (10
a)A_(20 17) P*(5 4)’D*(0 2)

_ (1 0 (10 (1 0
b)A<6 1> P_(:s 1)’D_(0 71)
100 0 10 00 0
c) A=10 1 1 P=|1 0 1],D=[0 10
01 1 -1 0 1 00 2
2 0 -2 —2 0 1 300
d)A=[0 3 0 P=(o0 1 0|,D=(0 3 0
00 3 1 00 00 2
19 -9 -6
e) A=|25 —-11 —9 nie je
17 -9 -4
50 0 000 *02 92 8 8
f) A=|1 5 0 nie je h)AZ 0 0 O nieje 1) A= nie je
0 1 5 3 1 0 0 0 30
0 0 1 3



TYZDEN 9

1. N&jdite bazu B zlozenu z retazcov zovseobecnenych vlastnych vektorov matice
A = [T)ee (€ je standardnd bdza). Napiste maticu J = [T|gg a maticu P, pre ktori A = PJP~! a minimalny
polyném matice A. Pomcka: ak je v zadani aj vektor b, najprv néjdite ma p(A) a o(A)

-2 2 -2 0
a. A= ( 9 2), [J = J1(0) ® J1(—4)] b. A= ( 3 >, [J2(—2)]
12 1 -2 -1 -1
c. A= L 1-1],b= (17 LO)T [J3(2)] d* A= 3 2 31, ? 1(1 5) 0)1]
-2 3 4 _9 _3 [J2(~1)@J1(~1)
6 -7 4 @17 2 —1 2
e A=11-2-1|, TS f. A= -3 3
6 -6 4 [J2(—1) & J1(10)] 71 0 9 J3( 1
653 b=(1,0,1))T 102 (1,1,00T
g A=13-2-2],°27\"" h. A=1|5-7 3], b= (1,1,
99 0 [J2(1) & J1(2)] 6 -9 4 [J2(0) @ J1(1)]
1 0 2-1 1-1 0 0
0 1 4-2 . 1-10 0
* A * A _
LA 9_-1 0 1] [J3(1) ® J1(1)] j¥rA= 5 033 [J2(0) & J2(0)]
2 -1-1 2 4 -1 3 -3
15 28 -7 (1) (1’ Z :;
k. A=| -6 -11 3|, [h()® (1) & Ji(2)] A=, 1 o 1| Bweno)
2 40 2 -1 -1 2
11 -1 -1 1 2 -2 -1 3
1 9 13 0 3 1 2
m. A= 1.1 11 1} [J2(8) ® J1(12) @ J1(12)] n. A = 0 1 5 4>, [J1(3) @ J3(2)
-1 3 -1 9 0-1-2-1
Linearna algebra — Tyzden 10.
1. Dané je mnozina {f}, fs,...,f,} C R™. Vypocitajte navzéjom ortogonédlne vektory {e1,es,...,en} C R", pre

ktoré plati span{es,eq,...,ex} = span{fi, fs,...,fr} pre vSetky k =1,2,...,m
a.m=2n=4,f =(1,1,1,1); £ = (1,0,1,0).

b. m=3n=4,f =(1,1,1,1); f27(1 0,1,0); f; = (1,1,0,0).
c. m=3n=4,f =(1,0,0,1); f = (1,0,0,0); f3 = (—1,1,2,0).
d. m=3n=5,f = (1,0, 0,1,1) f, = (1,0,0,0,—1); f; = (—1,1,2,0,0).

a. el =(1,1,1,1); e2 = 2(1,-1,1,-1). b. e1 = (1,1,1,1); e2 = 2(1,—1,1,-1), e3 = £(1,1,—
c. e =fi; ep = £(1,0,0,—1), e3 = (0,1,2,0), d. e1 = f1; ex =, e3 = $(—1,6,12,2,—1)

1,-1).

2. Rozhodnite, ¢i je matica P ortogonalna.

10 0 V2 0 0
a. P=[0 1 1 [nieje] b P=%| o0 1 1 [ 4no]
01 -1 0 1 -1

3. N4jdite rovnicu priamky y(z) = kx + ¢, pre ktorud je odchylka (sicet stvorcov)
2

> |y(z;) — yi]? najmensia. y; st hodnoty namerané v bodoch z; z tabulky
i=—2

a)

| -2 =1 0 1 2

Yi 0 0,4 05 08 1 y(z) = 0,24z + 0,54
b)

T -2 -1 0 1 2

! —-05 05 0,5 1 1.5 y(z) = 0,45z + 0,6
c)

| -2 -1 0 1 2

vl -1 -1 0,5 1 1,5 y(x) = 0,7z +0,2

2
4. Pre merania z prikladu 5 néjdite krivku y(z) = ax? + bx + ¢ tak, aby bola odchylka > |y(z;) — y;|* najmensia.
i=—2

a) y = —0,0143z2 + 0, 24z + 0, 5686, b) y = —0,035722 4 0,45z + 0,6714, ¢) y = 0,7z + 0, 2,



Linearna algebra — Tyzden 11-12.
1. Dan4 je symetrickd matica A € R™*". N4jdite diagondlnu maticu D a maticu P € R"*" tak, aby A = PDP.

—2 0 -36 111
a.A(\/%\/f),b.A 0-3 0, ca=
—36 0 —23

-3 0 0
2 0 1(V3 1
. D= p=1 D=
a (0_2), 2(1 _\/§)b 0 25 0
0 0-50

4
0
-3
000 —1/vV2 —1/V/6 1/V3 600
c.D=(000>,P= 0 2/vV6 1/V3 ,d.D=(060> (0 1/v/2 1/\/>
003 1/vV2 —1/V6 1/V3 000 01/vV2 —1/V2

2. Napiste maticu linedrneho operatora 7: R?> — R? vzhladom na $tandardné bézy, ak T

a) je otoCenie okolo pociatku o orientovany uhol «,
b

) zobrazi bod A = [z,y] na bod stimerny s A podla osi ,
¢) zobrazi bod A = [z,y] na bod simerny s A podla osi y = 2z,
)

d) zobrazi vektor @ = [z, y] na jeho kolmy priemet do priamky y = 2.

D (G )2 (o )0 (55 3a) 04 (2 3)

3. Napiste maticu linedrneho operdtora T: R? — R? vzhladom na Standardné bazy, ak T
a) je rotdcia okolo osi z o orientovany uhol «,
b) zobrazi bod A = [z,y, 2] na bod stimerny s A podla roviny yz (z = 0),
¢) zobrazi bod A = [z,y, z] na bod simerny s A podla roviny 2z —y + 3z = 0.

cosa —sina 0 -1 0 O 3 2 —6
a) | sina cosaa O], b)) 0 1 0], ¢ 2 6 3
0 0 1 0 0 1 -6 3 -2

4. Pomocou prikladu 2a) odvod'te sti¢tové vzorce pre sin(a + 3), cos(a + ).

<=

Néavod na rieSenie prikladu
2a) Podl'a definicie funkcii sin «, cos a sa otocenim o uhol « okolo pociatku vektor e; = (1,0) zobrazi na (cos a, sin «)
a vektor ez = (0,1) sa zobrazi na (cos(a+ %), sin(a+ %)) = (—sina, cos o)

2¢)

Oznacme maticu Tg = A.
Vypoéitame stradnice [x,y] bodu M = T(1,0), t.j. bodu simerne zdruzeného s bodom A = [1,0], (z,y)" = A,1.
Vektor m = M—A = (z—1,y) je kolmy na smerovy vektor priamky p = y = 2z, t.j. (M—A4)-(1,2) = x—1+2y =0.
Stred S usecky AM lezi na priamke p, S = %(AJr M) = [HT” , %} €Ep = $=1+u

Treba teda rieSit’ sustavu
r+2y=1 3 4
20—y = -2 = xiig’ yig

Podobne vypocitame, ze obraz bodu B = [0, 1] je bod [%, %]



