Pr1A. [14 bodov] f(z) =22° + 23 + 222 + v + 2, g(x) = 2* + 23 + 2 + 2 € P(Z3).
Uréte a(z),b(z) € P(Z3), pre ktoré  ged(f,g) = a(z) f(x) + b(x)g(x)

2e° + 2+ 2% +2+2): (P + 2P+ +2)=20+1
—(22° + 22 4 227 + 2)

a4+ 2 2
— (@t 2P+ 242)
2= fo=f—(2x+1)g
(2 + 23+ 4+2): (22) = 205 + 222 + 2

x3+x+2

T+ 2
2 = ged(f,g) = g(x) — (22° + 22% + 2) fo = g(x) — (22° + 22° + 2)[f(x) — (2x + 1)g(x)]
ged(f,g) = (23 + 22 + 1) f(z) + (2* + 222 + 2) g(z)

~———
a(z) b(z)

PriB. [14] f(z) =22° + 2* + 222 + 2 + 2, g(x) = 2* + 23 + 2 + 2 € P(Z3).
Uréte a(z),b(z) € P(Z3), pre ktoré  ged(f,g) = a(z) f(x) + b(x)g(x)
2+t + 202 +2+2) (P + 2P+ +2) =22 +2
—(22° + 22 4 227 + 1)
22 + 2
— (22t + 223 422 + 1)
P rrtl=fo=f—-(2e+2g=f+(x+1)yg
(422 4+24+2): @B+ =x+1
— (2* + 2%+ )
3 4227 42
— (@ +2+1)
20° + 20+ 1= fs=g— (z+1)fa
(3 +r+1): (202 +22+1)=20+1

— (23 + 22 + 21)

222 + 22+ 1,zv. 0 = gcd(f,g9) = f3
=g—(e+Dfp=g— @+ D[+ (@+ gl = 2z +2)f +[1 - (z+1)*g
= (22 +2) f(2) + (22° + ) g(z)

a() b(x)




1 00
Pr.2A [12 bodov] A= [0 2 2

. Vypocitajte
0 2 2
a) traceA, b) vlastné ¢isla matice A, ¢) maticu P a diagonalnu maticu D, pre ktora A = PDP.
a) traceA = 5, b) O¢ividne A\; =1 aj Ag = 0 st vlastné ¢isla matice A, teda A\3 = 4, pripadne pocitame
1—A 0 0
0 2—-X 2 |[=-=-X1-X)(4—A) adostaneme o(A) = (1,0,4).
0 22—
1 100 0
c) vlastné vektory: pre \y =1jevi=|0],pre \a =0 A— XAl =A~ <0 1 1>,V2: 1],
0 -1
1 0 0
Ag=4 A-Xl= 0 —2 0 1 1, va=[1],|vall = [[vs] = V2, |[v1] = 1.
0 2 0 1
1 1 00
P:o1/\f1/\f D=0 0 0
0 —1/vV2 1/V2 0 0 4
-1 00
Pr2B [12 bodov] A= [ 0 2 2|. Vypocitajte
0 2 2
a) traceA, b) vlastné ¢isla matice A, ¢) maticu P a diagonalnu maticu D, pre ktora A = PDP'.
a) traceA = 3, b) Ocividne A\; = —1 aj A2 = 0 st vlastné ¢isla matice A, teda A3 = 4, pripadne pocitame
—1-=A 0 0
0 2—X 2 | =A-1=X)(A—4) adostaneme o(A) = (—1,0,4).
0 2 2—A
1 1 00 0
c) vlastné vektory: pre Ay = —=ljevi= |0 |, pre \a =0 A—-Xl=A~ <O 1 1), vo=1| 1],
0 -1
-5 0 0 1 0 0 0
=4 A-XI=|0 -2 2| ~[0 =1 1|,vsg=/[1], vl =]vs]l=v2|vi]=1
0o 2 =2 0 0 0 1
1 -1 0 0
P=1|0 1/{ 1/f =0 00
0 —1/vV2 1/V2 0 0 4



Pr3A) [14]
Napiste maticu linearneho operatora T' : R? — R? vzhladom na Standardné bazy, ak T' zobrazi bod A na
bod s nim stmerne zdruZeny podla roviny p =2x + 2y + 2z =0.
Stlpce matice T¢ tvoria obrazy Standardnej bazy.

n=(2,21)1p 7(1,0,0) = (z,y,2) = (z—1,9y,2) =1(2,2,1) = T(1,0,0) = (1 + 2t,2¢,¢)
e1=A=(1,0,0),B = (z,y, ) dist(4, p) = dist(B, p) =
2=2(14+2t)+2 -2t +t| =2+ 9] = 249t ==+2,
249t =2 — t =0 zodpoveda bodu A,

249t =-2 = t=—3 = 1+2=2323=1 2t=-58 tjB=§(1,-8,-4)
1

Te=P = Py=: -8
—4

Podobny postup zopakujeme pre body Te; = 7(0,1,0) a Tes = 7(0,0,1) a dostaneme
7(0,1,0) = (z,y,2) = (z,y—1,2) =1(2,2,1) = 9t +2=-2 = t=—3,

sztz—%,yz%,z:t:—%.
T(O7O’1):(x’y’z) = m:_%’y:_%a'z:%'
1 1 -8 —4
Te=-|-8 1 —4
I\g 4 7

Pr3B)
Napiste maticu linedrneho operatora T : R? — R? vzhladom na Standardné bazy, ak T zobrazi bod A na
bod s nim simerne zdruzeny podla roviny p =2x 42y — 2 =0.

Maticu moézeme vypoéitat podobne ako v Pr3A. UkaZeme si eSte iny postup.
Pre tento operator je lahké najst bazu B = {by, by, bs} zloZenu z vlastnych vektrov:
b =n=(2,2,-1) L p = Tb; = —by, prislusné vlastné ¢islo je —1.
Kazdy vektor u || p, resp. bod A € p sa zobrazi na seba (je vlastny s vlastnym ¢islom =1). Zvolime napr.
b2 = (1, —1,0) a b3 = (0, 1, 2).

100 2 1 0
Ts=(0 1 0]. akP=[2 -1 1|, tak Te = PTgP".
0 0 1 1 0 2
2 1 0 9 _9 1
Rozvojom podla R3: |2 —1 1|=-1-8= -9, P_lz—% -5 4 =2
1 0 2 1 -1 —4
L2 1 0\ /-1 0 . .
Te=—212 -1 1|0 10|[=5 4 —2]==(2 1 -1|[-5 4 —2]==-|-8
9%-1 o0 2/ \o o1/ \o1 =1 —4) 9\1 o0 -2/ \o1 -1 —4) 9\ 4

0\ /-2 -2 1 (210 -2 -2 1 1
4
4
7

~ &~



Pr4A [14] T : R3 — R3, T(z1,22,73) = (201 — 22+ 23, 201 + 279 — 3, 471 +2), B = {b1, by, b3}, by =
(0,1,1), by =(1,0,0), bg = (0,2,1). £ je standardna baza. Urcte
a) matice Teg, Tep, 1B
b) bazu a dimenziu jadra a dimenziu oboru hodnét operatora 7.

a) Thy = T(0,1,1) = (0,1,1), Thy =T(1,0,0) = (2,2,4), Thz =T(0,2,1) = (-1, 3,2),
Te; =T(1,0,0) = (2,2,4), Tey =T(0,1,0) = (—1,2,1), Teg = T(0,0,1) = (1, —1,0).
B £ TB
010l2 -1 1|02 -1 1 01 4 1 o0o|l1 4 2
1022 2 -1|12 3|~|010 -1 1l0 2 -1 |~
1014 1 0|14 2 001 -2 1 —-1/0 -2 1
1 00 6 0 1|1 6 1
010 2 -1 1|0 2 -1
001 -2 1 -10 -2 1
2 -1 1 6 0 1 1 6 1
Tee=| 2 2 -1 |, Teg= 2 -1 1 |Tgs=[0 2 -1
4 1 0 -2 1 -1 0 —2 1
2 -1 1 2 -1 1 2 -1 1
b)[ 2 2 =1 |~y | 202 =1 |~ 0 3 =2 |, 23=3t 20=2t 21 =—5t
4 1 0 2 -1 1 0 0 0

Ker T = {(—3t,2t,3t); t € R}, Baza: {(—31,2,3)}, dimKerT =1, dimRanT =3 — 1 = 2.

Pr4B [14] T : R? — R3, T(xy, 22, 23) = (201 — 29 + 23, 221 + 279 — 3, 421 +2), B = {b1, by, b3}, by =
(0,1,1), by =(0,2,1), bg = (1,0,0). £ je standardna baza. Urcte
a) matice Teg, Tep, TnB
b) bazu a dimenziu jadra a dimenziu oboru hodnot operatora T'.

a) Thy = T(0,1,1) = (0,1,1), Thy = T(0,2,1) = (—1,3,2) Ths = T(1,0,0) = (2,2,4)
Te; = T(1,0,0) = (2,2,4), Tey =T(0,1,0) = (—1,2,1), Tes = T(0,0,1) = (1, —1,0).
B TE TB

001} 2 -1 110 1 2 1 10 4 1 0| 1 2 4
1 2 0] 2 2 -1 1 32 |~ 010 -2 1 -1] 0 1 -2 |~
11 0] 4 1 0| 1 2 4 0 01 2 -1 110 — 2
1 00 6 0 1] 1 1 6
01 0| -2 1 =110 1 -2
0 01 2 -1 110 -1 2
2 -1 1 6 0 1 1 1 6
Tee=|2 2 -1 | Tep= —2 1 —1 Tes=| 0 1 -2
4 1 0 0 -1 2
2 -1 1 —1 1 —1 1
by 2 2 -1 | ~pp -1 ) =2 |, 3 =3tz =2t 31 = —5t
4 1 0 ,1 1 0
Ker T = {(—1t,2t,3t); t € R}, Baza {(-3,2,3)}, dlmKerT—l dimRanT =3 —-1=2.



