
Pr1A. [14 bodov] f(x) = 2x5 + x3 + 2x2 + x+ 2, g(x) = x4 + x3 + x+ 2 ∈ P (Z3).
Určte a(x), b(x) ∈ P (Z3), pre ktoré gcd(f, g) = a(x)f(x) + b(x)g(x)

(2x5 + x3 + 2x2 + x+ 2) : (x4 + x3 + x+ 2) = 2x+ 1

−(2x5 + 2x4 + 2x2 + x)

x4 + x3 + 2

− (x4 + x3 + x+ 2)

2x = f2 = f − (2x+ 1)g

(x4 + x3 + x+ 2) : (2x) = 2x3 + 2x2 + 2

− x4

x3 + x+ 2

− x3

x+ 2

− x

2 = gcd(f, g) = g(x)− (2x3 + 2x2 + 2)f2 = g(x)− (2x3 + 2x2 + 2)[f(x)− (2x+ 1)g(x)]

gcd(f, g) = (x3 + x2 + 1)︸ ︷︷ ︸
a(x)

f(x) + (x4 + 2x2 + x)︸ ︷︷ ︸
b(x)

g(x)

Pr1B. [14] f(x) = 2x5 + x4 + 2x2 + x+ 2, g(x) = x4 + x3 + x+ 2 ∈ P (Z3).
Určte a(x), b(x) ∈ P (Z3), pre ktoré gcd(f, g) = a(x)f(x) + b(x)g(x)

(2x5 + x4 + 2x2 + x+ 2) : (x4 + x3 + x+ 2) = 2x+ 2

−(2x5 + 2x4 + 2x2 + x)

2x4 + 2

− (2x4 + 2x3 + 2x+ 1)

x3 + x+ 1 = f2 = f − (2x+ 2)g = f + (x+ 1)g

(x4 + x3 + x+ 2) : (x3 + x+ 1) = x+ 1

− (x4 + x2 + x)

x3 + 2x2 + 2

− (x3 + x+ 1)

2x2 + 2x+ 1 = f3 = g − (x+ 1)f2

(x3 + x+ 1) : (2x2 + 2x+ 1) = 2x+ 1

− (x3 + x2 + 2x)

2x2 + 2x+ 1, zv. 0 =⇒ gcd(f, g) = f3

= g − (x+ 1)f2 = g − (x+ 1)[f + (x+ 1)g] = (2x+ 2)f + [1− (x+ 1)2]g

= (2x+ 2)︸ ︷︷ ︸
a(x)

f(x) + (2x2 + x)︸ ︷︷ ︸
b(x)

g(x)
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Pr.2A [12 bodov] A =

1 0 0
0 2 2
0 2 2

 . Vypočítajte

a) traceA, b) vlastné čísla matice A, c) maticu P a diagonálnu maticu D, pre ktorú A = PDP⊤.

a) traceA = 5, b) Očividne λ1 = 1 aj λ2 = 0 sú vlastné čísla matice A, teda λ3 = 4, prípadne počítame∣∣∣∣∣∣
1− λ 0 0
0 2− λ 2
0 2 2− λ

∣∣∣∣∣∣ = −λ(1− λ)(4− λ) a dostaneme σ(A) = (1, 0, 4).

c) vlastné vektory: pre λ1 = 1 je v1 =

1
0
0

, pre λ2 = 0 A− λ2I = A ∼
(
1 0 0
0 1 1

)
, v2 =

 0
1
−1

,

λ3 = 4 A− λ3I =

−3 0 0
0 −2 2
0 2 −2

 ∼

1 0 0
0 −1 1
0 0 0

, v3 =

0
1
1

, ∥v2∥ = ∥v3∥ =
√
2, ∥v1∥ = 1.

P =

1 0 0

0 1/
√
2 1/

√
2

0 −1/
√
2 1/

√
2

, D =

1 0 0
0 0 0
0 0 4



Pr.2B [12 bodov] A =

−1 0 0
0 2 2
0 2 2

. Vypočítajte

a) traceA, b) vlastné čísla matice A, c) maticu P a diagonálnu maticu D, pre ktorú A = PDP⊤.

a) traceA = 3, b) Očividne λ1 = −1 aj λ2 = 0 sú vlastné čísla matice A, teda λ3 = 4, prípadne počítame∣∣∣∣∣∣
−1− λ 0 0

0 2− λ 2
0 2 2− λ

∣∣∣∣∣∣ = λ(−1− λ)(λ− 4) a dostaneme σ(A) = (−1, 0, 4).

c) vlastné vektory: pre λ1 = −1 je v1 =

1
0
0

, pre λ2 = 0 A− λ2I = A ∼
(
1 0 0
0 1 1

)
, v2 =

 0
1
−1

,

λ3 = 4 A− λ3I =

−5 0 0
0 −2 2
0 2 −2

 ∼

1 0 0
0 −1 1
0 0 0

, v3 =

0
1
1

, ∥v2∥ = ∥v3∥ =
√
2, ∥v1∥ = 1.

P =

1 0 0

0 1/
√
2 1/

√
2

0 −1/
√
2 1/

√
2

, D =

−1 0 0
0 0 0
0 0 4




