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Abstract

We prove that every for every complete lattice ordered effect algebra E there exists an
orthomodular lattice O(FE) and a surjective full morphism ¢g : O(E) — E. ¢ preserves
blocks in both directions: the (pre)image of a block is always a block. Moreover, there is
a 0, 1-lattice embedding ¢% : E — O(E).
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1. Introduction

Effect algebras have recently been introduced by Foulis and Bennett in [9]
for study of foundations of quantum mechanics. The class of effect algebras
includes orthomodular lattices and a subclass equivalent to MV-algebras
(see [4]).

In [30], Riecanovéd proved that every lattice ordered effect algebra is a
union of (essentially) MV-algebras. This result is a generalization of the well-
known fact that every orthomodular lattice is a union of Boolean algebras.
Generalizing the terminology from orthomodular lattices, a maximal sub-
MV-effect algebra of a lattice-ordered effect algebra is called a block. Later,
Riecanova and Jenca proved in [24] that the set of all sharp elements of a
lattice ordered effect algebra forms an orthomodular lattice. Both papers
show that the class of lattice ordered effect algebras generalizes the class
of orthomodular lattices in a very natural way. In [18] a new class, called
homogeneous effect algebras was introduced and most of the results from
[30] and [24] were generalized for the homogeneous case. The main result
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of [18] is that every homogeneous effect algebra is a union of effect algebras
satisfying the Riesz decomposition property.

Intuitively, one can consider the class of lattice ordered effect algebras
as an “unsharp” generalization of the class of orthomodular lattices and the
class of homogeneous effect algebras as an “unsharp” generalization of the
class of orthoalgebras (see [10]). In these generalizations, the role of Boolean
algebras is played by MV-effect algebras and by effect algebras with the Riesz
decomposition property. The problems concerning this generalization were
examined, for example, in [31] and [19]. The present paper continues this
line of research.

The basic question we deal with in this paper is: “How are the blocks
in a complete lattice ordered effect algebra organized?”. The main result
is that for every complete lattice ordered effect algebra F, there exists an
orthomodular lattice O(FE) and a surjective full morphism of effect algebras
¢p : O(FE) — E such that for every block B of O(E), ¢r(B) is a block and
for every block M of E, ¢;' (M) is a block of O(E). This shows that the
block structure of every complete lattice ordered effect algebra is the same
as the block structure of some orthomodular lattice. For the finite case,
this result was proved in [19]. Moreover, we prove that the lattice £ can be
0, 1-embedded into the lattice O(E).

Our construction of O(F) is based on certain relations on the set of all
quotients (that is, comparable pairs of elements) of E. We hope that it will
be possible to adapt the techniques we developed in this paper in order to
deal with the more general orthocomplete non-lattice ordered case. Most of
the theorems were designed with this long-term goal in mind.

2. Definition and basic relationships

An effect algebra is a partial algebra (E;@®,0,1) with a binary partial
operation @ and two nullary operations 0, 1 satisfying the following condi-
tions.

(E1) If a @ b is defined, then b @ a is defined and a ® b = b @ a.

(E2) If a®b and (a®b) @ c are defined, then bd c and a® (b@ ¢) are defined
and (a®b)@c=a® (bDc).

(E3) f a®b=a®c, then b = c.
(E4) If a® b =0, then a = 0.
(E5) For every a € E there is an @’ € E such that a ®d’ = 1.

(E6) For every a € E, a® 0 = a.



Effect algebras were introduced by Foulis and Bennett in their paper [9].
In the original paper, a different but equivalent set of axioms was used.

In their paper [26], Chovanec and Kopka introduced an essentially equiv-
alent structure called D-poset. Their definition is an abstract algebraic ver-
sion the D-poset of fuzzy sets, introduced by Kopka in the paper [25]. An-
other equivalent structure was introduced by Giuntini and Greuling in [12].
We refer to [7] for more information on effect algebras and related topics.

One can construct examples of effect algebras from an arbitrary partially
ordered abelian group (G, <) in the following way: Choose any positive
u € G; then, for 0 < a,b < u, define a @ b if and only if a + b < w and put
a®b=a+b. With such partial operation @, the interval [0, u] becomes
an effect algebra ([0, u], ®,0,u). Effect algebras which arise from partially
ordered abelian groups in this way are called interval effect algebras, see [2].

In an effect algebra E, we write a < b if and only if there is ¢ € E such
that a ® c = b. It is easy to check that for every effect algebra < is a partial
order on E. Moreover, it is possible to introduce a new partial operation
©; b© a is defined if and only if a < b and then a ® (b © a) = b. It can be
proved that, in an effect algebra, a @ b is defined if and only if a < ¥ if and
only if b < a’. The partial operations @ and © are connected by the rules

a®b=(ad ob) (1)
aob=(d®b). (2)

Let Ey C E be such that 1 € Ey and, for all a,b € Ey with a > b,
aSb € Ey. Since ' =16a and a®b = (a’ ©b), Ey is closed with respect to
@ and '. We then say that (Eg, ®,0,1) is a subeffect algebra of E. Another
possibility to construct a substructure of an effect algebra F is to restrict
@ to an interval [0,a], where a € E, letting a act as the unit element. We
denote such effect algebra by [0, a|g.

Example 2.1. Let GG be the set of all real functions, partially ordered in the
usual way. Let u be the constant function u(x) = 1. Then the restriction of
+ from G to the set [0, u] gives rise to an effect algebra, which we denote by
[0,1]1%1), Note that [0, 1](%! is a complete distributive lattice.

Let E1, Ey be effect algebras. A map ¢ : By — FEs is called a morphism
of effect algebras if and only if it satisfies the following condition.

(M1) ¢(1) =1 and, for all a,b € Ey, if a © b exists in Ey, then ¢(a) @ ¢(b)
exists in Fy and ¢(a @ b) = ¢(a) ® ¢(b).

Every morphism preserves /, 0, < and ©.
A morphism ¢ : E; — FEs of effect algebras is called full if and only if
the following condition is satisfied.



(M2) If ¢(a) ® ¢(b) exists in Ey and ¢(a) & ¢(b) € ¢(E1), then there exist
a1,b1 € Ey such that ay @ by exists in E1, ¢(a) = ¢(a1) and ¢(b) =
¢(b1).

A bijective and full morphism is called an isomorphism of effect algebras.
An ideal of an effect algebra FE is a subset I of F satisfying the condition

a,bel and a®bexists < aPbel.

The set of all ideals of an effect algebra E is denoted by I(E). I(E) is a
complete lattice with respect to inclusion.

An element ¢ of an effect algebra is central (see [14]) if and only if [0, ¢]
is an ideal and, for every x € E, there is a decomposition x = x1 @ x2 such
that 1 < ¢, 29 < . It can be shown that this decomposition is unique.
The set C'(E) of all central elements of an effect algebra is called the center
of E. C(E) is a Boolean algebra. For every central element ¢ of E, E is
isomorphic to [0, c]g x [0,]g. For every central element ¢ of E and every
element a € F, a A ¢ exists and the mapping a — a A ¢ is a full morphism
from E onto [0, ¢|g; in other words, (a1 & a2) Ac = (a1 Ac) @ (az A c) and
a=(aNec)®(and).

If E is an effect algebra such that (F, <) is a lattice, then we say that E
is a lattice ordered effect algebra. If (E, <) is a complete lattice, then we say
that E is a complete lattice ordered effect algebra. An orthoalgebra E [11] is
an effect algebra satisfying a < @' = a = 0. It is easy to check that an
effect algebra is an orthoalgebra if and only if, for all elements a, a Aa’ = 0.

Example 2.2. Recall, that an orthomodular lattice is an algebra (O; V, A, ', 0,1)
such that (O;V,A,0,1) is a bounded lattice, a < b iff ¥’ < d, " = a,
aNa =0, (aVb) =d AV, and the orthomodular law

a<b= b=aV(bAd) (3)

is satisfied. Equip O with a partial operation as follows a@®b is defined iff a <
b and then a®b := aVb. Then (O;®,0,1) is an orthoalgebra. On the other
hand, for every lattice ordered orthoalgebra (O; @, 0, 1), (O; V, A, /,0,1) is an
orhomodular lattice. However, there exist non-lattice ordered orthoalgebras.

Example 2.3. An MV-algebra (see [4], [28]) is a commutative semigroup
(M;®,—,0), satisfying the identities + & 0 = x, ==z = z,  ® -0 = -0 and

z®-(z®y) =y®-(yd ).

There is a natural partial order in an MV-algebra, given by y < =z iff
x=x® (x® -y). Every MV-algebra (M;@®,—,0) can be considered as a
effect algebra (M; @, 0,-0), when we restrict the operation @ to the domain

{(Ji,y) rx < _‘y}‘



Every lattice ordered effect algebra satisfies the de Morgan laws. More
generally, for an interval [0,a] and z,y € [0, a], we have

) (4)
)- (5)

A substitution @ = ¥’ and an application of (2) now yields

aS(zVy =(@oz)N(aSy
aS(zANy)=(aoz)V(aOy
b (xVy)=(bdx)
b (xAy)=(bdx)

V(b®y) (6)
A (b y), (7)
for all z,y < V.

Let E be a lattice ordered effect algebra. For a pair of elements a,b € E,
the following conditions are equivalent:

e ao(anb)=(aVb)ob.

e ac(anb) <V.

e There are ay,as such that a = a; < as, a1 < b, ax < V.

e There are aq, ¢, by such that a1 ScPH by exists, a = a1 Pc, and b = b; e.

If a, b satisfy any (or, equivalently, all) of these conditions, then we say that
a,b are compatible (in symbols a < b). It is easy to check that a < bora < ¥
implies that a <+ b. Moreover, a < b if and only if a < b'. We say that a
subset A C FE is compatible if and only if for all a,b € A we have a < b.
If M a lattice ordered effect algebra such that M is a compatible subset of
M, then we say that M is an MV-effect algebra. It was proved in [5] that
there is a natural, one-to-one correspondence between MV-effect algebras
and MV-algebras, as outlined in Example 2.3. Every MV-effect algebra is a
distributive lattice. A lattice ordered effect algebra is an MV-effect algebra
if and only if, for all elements a, b,

aANb=0 = a <V,

that means, the sum of every disjoint pair exists (see [1]). An orthoalgebra
that is an MV-effect algebra is a Boolean algebra.

Let L be a lattice. We say that Lo C L is a full sublattice of L if and
only if

o for all A C Lg such that \/ A exists in L, \/ A € Ly, and
e for all A C L such that A\ A exists in L, A\ A € Ly.

Note that a full sublattice of a complete lattice is complete.
Let E be a lattice ordered effect algebra. A subeffect algebra of E that
is maximal with respect to the property of being an MV-effect algebra is



called a block. According to [30], blocks coincide with maximal compatible
subsets of E. Moreover, every block is a full sublattice of E, see [24]. Since
every singleton is a compatible set, a lattice ordered effect algebra is a union
of its blocks.

If L is a compatible sublattice of a lattice ordered effect algebra, then
there is a block M D L. Since M is a distributive lattice, L is distributive
as well.

If F is an orthomodular lattice, then every block is a Boolean algebra.
Thus, the fact that every lattice-ordered effect algebra is a union of its blocks
is a generalization of the well-known fact that every orthomodular lattice is
a union of Boolean algebras.

We say that an element a of an effect algebra is sharp if and only if
aNada = 0. We write S(E) for the set of all sharp elements of an effect
algebra E. An orthoalgebra can be characterized by E = S(F). Every
central element is sharp, hence C'(F) C S(E). In general, S(E) is not closed
with respect to @, see [15]. However, by [24], if E is lattice ordered, then
S(F) is a subeffect algebra and a full sublattice of E. For a block M of a
lattice ordered effect algebra we have S(E) N M = S(M) = C(M), see [24].

An effect algebra FE is called homogeneous if and only if, for all u, v1,ve €
E such that © < v1 @ vy < o/, there are uy, us such that u; < vy, us < v9,
and v = u; @ ug. Homogeneous effect algebras were introduced in [18].
Every orthoalgebra and every lattice ordered effect algebra is homogeneous.
The set of all sharp elements of a homogeneous effect algebra is closed with
respect to @, hence it forms an orthoalgebra.

In [18], most of the results (concerning compatibility, blocks, and sharp
elements) from [30] and [24] were generalized for the homogeneous case.
The situation is more complicated here. In a homogeneous effect algebra,
the blocks need not be lattice ordered anymore (they only satisfy the Riesz
decomposition property) and the notion of compatibility has to be generalized
as well.

Example 2.4. Let B be a Boolean algebra with at least two elements. Let
us equip B x B with a partial @ operation as follows: (x1,x2) ® (y1,y2) is
defined if and only if 1 A y2 = 22 A y1 = 0 and then

(1, 22) © (Y1,92) = (@1 Vy1 V (v2 Aya), 22 Vy2 V (21 Ay1)).

Then DB := (B x B;®,(0,0),(1,1)) is an effect algebra. In D?, we have
(w1, 22) < (y1,y2) if and only if 1 < z9 and y; < yo. Thus, DB is the same
lattice as the “ordinary” Boolean lattice B x B. However, if B has more
than one element, D is not an MV-effect algebra: we have (1,0)A{0,1) = 0
but (1,0) @ (0,1) does not exist.

It is easy to check that

<$17 $2>/ = <x/27 37/1>



and that
S(DP) = {(x,z) : x € B}.

Note that S(D?) is a Boolean algebra. This implies that S(D?) = C(D?).
Since, for |B| > 1, there are unsharp elements in DB, DE is not an ortho-
modular lattice.

3. Generalized test spaces

In this section, we present a slightly generalized version of the notion
of test space, originally introduced by Foulis and Randall in [11] and [29].
Despite of its relative simplicity, the notion of test space (and its general-
izations) is a very useful tool for construction of orthoalgebras and effect
algebras. See for example [8], [6], or [19] for constructions that use test
spaces.

Let X be a nonempty set, let N, 7 C 2¥. We say that a triple (X, 7, N)
is a generalized test space if and only if the following conditions are satisfied.

(GTS1) X = yeq t.

(GTS2) N is an ideal of 2%, that is, A/ is nonempty and for all 0y,00 C X we
have o; U oy € NV if and only if 01,0 € N.

(GTS3) For all t; C to C X such that t; € 7, we have ty € 7 if and only if
to \ t; €N

(GTS4) For all t; C to C X such that to \ t1 € NV, we have t; € 7 if and only
ifto e 7.

A generalized test space is a test space if and only if N' = {}. For a test
space, the axioms (GTS2) and (GTS4) collapse to tautologies and (GTS3)
transforms to

(TS) If t1,t0 € 7 and t; C to, then t; = to.
(GTS1) and (TS) are the original axioms of a test space.

Example 3.1. Let X be the system of all measurable subsets of the real
interval [0, 1]g, let 7 be the set of all finite systems t C X such that the
elements of t are measurable, pairwise disjoint and p(|JceA4) = 1. Let N
be the set of all finite pairwise disjoint systems of sets with zero measure.
Then (X,7,N) is a generalized test space.

Throughout this section, we assume that (X,7,/N) is a generalized test
space.

An element of 7 is called a test. Since X is nonempty, (GTS1) implies
that there is at least one test. We say that a subset f of X is an event if
and only if there is a test t € 7 such that f C t.



Lemma 3.2. Every element of N is an event.

Proof. Let t1 be a test, let 0 € N. Put ty := t;Uo. We have to\t;1 C o € N.
Since N is an ideal of sets, t2 \ t; € . By (GTS3), t;1 € 7 and to \ t; € N
imply that ts is a test. Thus, o C t5 is an event. O

The elements of N are called null events.
We say that two events f, g of a generalized test space (X,7,N) are

(i) orthogonal (in symbols f | g) if and only if f Ng € M and f Ug is an
event.

(i) local complements (in symbols f loc g) if and only if fNg € A and
fUg is a test.

(iii) perspective (in symbols f ~ g) if and only if they share a local com-
plement.

Note that every pair of tests is perspective, since () is a local complement
of every test.

Lemma 3.3. For an event £ we have £ ~ () if and only if f € N.

Proof. Suppose that f ~ (). There is a test t such that f loc t. Since fUt is
a test, (GTS3) implies that fUt\ t = f\ fNtis a null event. Since f loc t,
f Nt is a null event. Therefore, f = (f\ fNt) U (fNt) is a null event.
Suppose that f € A/. Since f is an event, there is a test t O f. Since
tNf=fc N andtUf =t €T, floct. Since t is a test, () loc t. Therefore,
f~0. O

Lemma 3.4. Let t be a test, let £ be an event such that f ~t. Then f is a
test.

Proof. Let h be a local complement shared by f and t. Both t Uh and t
are tests. By (GTS3), tUh\ t € V. Since t loc h, t " h € N. Therefore,
h=(tUh\t)U(tNnh) e N and, since fUh\f Ch fuh\f e N. By
(GTS4), fUh e T and fUh\ f € NV imply that f € 7.

O]

We say that a generalized test space is algebraic if and only if for all
events f, g, h we have

f~gandfloch = gloch.

Lemma 3.5. In an algebraic generalized test space, perspectivity is transi-
tive.

Proof. Suppose that f ~ g ~ h. There are events uy, ug such that f loc u; loc g
and g loc ug loc h. Since us loc h and u; ~ ug, u; loc h. Therefore,
f ~ h. O



Note that, in an algebraic generalized test space, both N and 7 are
equivalence classes of ~.

Lemma 3.6. In an algebraic generalized test space, f; ~ fo and f; L g
imply that f2 L g and fiug~fHUg.

Proof. Let h be a local complement of f; Ug. Since f; loc hUg and f; ~ fo,
fo loc h U g. This implies that f; 1 g. Moreover, as f; Ug loc h loc f U g,
fiu g ~ f U g. O

Theorem 3.7. Let (X,7,N) be an algebraic generalized test space. Let €
be the set of all events of (X,7T,N). Define on £/ ~ a relation L and a
partial operation @ with domain L in the following way: [f]~ L [g]~ if and
only if £ L g and then [f]. & [g]~ = [fUg|~. Then (§/ ~,&,N,T) is an
orthoalgebra.

Proof. Let us prove that L and @ are well-defined. Suppose that f; ~ fo,
g1 ~ go and that f; | g;. By Lemma 3.6, f; 1 gy and f; Ug; ~ f; U go.
Again, by Lemma 3.6, this implies that fo | go and f; Ugs ~ fo U gs.

(E1) is trivially true, let us prove (E2). If both sides of the associative
equality exist, they are (obviously) equal. Suppose that ([f]~ & [g]~) & [h]~
exists. Then f L g and ([f]~ @& [g]~) = [f Ug]~. Therefore, f Ug L h and
we see that [f]. @ ([g]~ @ [h]~) exists.

Let us prove (E3). Suppose that [f] @ [h]. = [g]~ @ [h]~, that means,
f,g L hand fUh ~ gUh; let u be a common local complement of f Uh
and g Uh. We see that h U u is a common local complement of f and g,
therefore f ~ g and [f]. = [g]~.

(E4) is trivial, let us prove (E5). For an event f, [f]’, is just the set
of all local complements of f. Obviously, [f]., can be characterized by the
property [f]. & [f]L =T.

The proof of (E6) is trivial.

Finally, let us prove that [f]. < [f]/, = [f]~ = N: since f L f,
fNf =f e N. Therefore, [f]. = N and we see that (£/ ~,®,N,T) is an
orthoalgebra. O

The orthoalgebra (£/ ~,®,N,T) is called the orthoalgebra of the gen-
eralized test space (X, T,N).

4. The generalized test space of quotients

In this section, we introduce our main tool. For every homogeneous effect
algebra E we shall construct a generalized test space Q(FE), where tests are
finite sets of comparable pairs (called quotients) with certain properties.

The origins of the notion of a quotient and the relations " and “\, lie
in the lattice theory, see for example Section III.1 of [13]. However, the



definitions " and *\, introduced here do not coincide with their lattice-
theoretical versions, even in the case of a lattice ordered effect algebra (see
the remark following the Proposition 4.5). In the case of an MV-effect
algebra, our definitions coincide with their lattice-theoretical counterparts.

Let E be an effect algebra, let P be a subposet of E. Let a/b denote an
ordered pair of elements of P satisfying a > b. We say that a/b is a quotient
of P. The set of all quotients of P is denoted by Q(P). We say that c¢/d
is a subquotient of a/b (in symbols ¢/d C a/b or a/b 3 ¢/d) if and only if
b<d<c<a.

If a > b, we say that a/b is proper, otherwise we say that a/b is null.

We write a/b / ¢/dif and only if a < ¢, b<d,cO©a=dob, (cSa)A
(a©b) =0. We write a/b \, ¢/d if and only if c < a,d < b, aSc=bOd,
(acc)A(a©b) =0. It is easy to check that a/b ™\, ¢/d or a/b / ¢/d implies
that a©b=cod.

Proposition 4.1. Let E be an effect algebra, a/b,c/d € Q(E). The follow-
g are equivalent:

(i) a/b™\ c/d;
(ii) ¢/d /" a/b;
(iii) V' Jd' / d'[¢;
(iv) d'Jd NV /d.

Proof. The proofs of the equivalences (i)<=>(ii) and (iii)<=(iv) are trivial.
Let us prove (i) = (iii). Since ¢ < a, @’ < ¢. Since d < b, b’ < d'. We
have
dot=[dot)'=dot) =Vad =bod

Similarly, ¢ ©a' = a© c and b’ © a’ = a ©b. Therefore,
dob=bod=aoc=dod
and
(deb)rned)=0bed Aacbd) =(@6c)A(acb)=0.
Let us prove (iii) = (i). By the previous parts of the proof,
vVid /d)d = d)d\b/d = c/d /a/b = a/b\, c/d.
O

Example 4.2. Let [0, 1]%! be the effect algebra of all real functions of real
variable [0,1] — [0,1]. For a/b,c/d € Q([0,1]!) we have a/b \ ¢/d if and
only if, for all z € [0,1], a(z) # ¢(x) or b(x) # d(z) imply a(z) = b(z) >
c(z) = d(z).

10
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FIGURE 1. a/b\ ¢/d in [0, 1]

For example, we may take

a(z) =]z —05/+05  c(z)=
b(z) == d(z) =

o =

5 — |z —0.5]
(see Figure 2).

Example 4.3. Let E be a 6-elements effect algebra with two atoms a, b,
satisfying a ®a ®a = a®b® b = 1. On Q(F), the \, relation is not
transitive: we have 1/a’ \, a ® b/b and a ® b/b \, a/0, but 1/a’ X, a/0,
because a A a’ = a # 0.

Proposition 4.4. For every homogeneous effect algebra, /" and ™\, are tran-
sitive.

Proof. Let E be a homogeneous effect algebra, let a/b,c/d,e/f € Q(E).
Assume that a/b /" ¢/d and ¢/d /" e/f. Obviously a < e and b < f. We
see that

eca=(e0c)®(coa)=(fod) @ (dob)=fcbh.

Suppose that * < e©a,a &b. Since e a < (a0b) <2’ and e a =
(e©¢)® (c©a), we obtain

r<(ecc)®(coa) <.

Since E is homogeneous, there exist 1 < eSc and x2 < ¢S a such that x =
x1Bx2. However, as cad = a©b, we have (eSc)A(cad) = (e6c)A(acb) =0
and thus 1 < e S c¢,a © b implies that 1 = 0. As 29 < ¢S a,a S b and
(coa)A(a©b) =0, zo =0. Therefore, (e©a)A(acb) =0and a/b e/f,

Assume that a/b \, ¢/d and ¢/d \, e/f. By Proposition 4.1, this is
equivalent to b'/a’ /" d'/d and d'/d /' f'/€'. Since /" is transitive, b'/a’ /
1'/€e’ and hence a/b\ e/f. O

Proposition 4.5. Let E be a lattice ordered effect algebra, let a/b,c/d €
Q(E). Then

11



(i) a/b / c/d if and only if a < d, aVd=c, aNd=0b.
(ii) a/b™\, c/d if and only if c = b, cVb=a, cANb=d.
Proof.

(i) Suppose that a/b /" ¢/d. Since (¢ ©a) ® (a © b) B b exists, the set
{c© a,a ©b,b} is compatible and can be embedded into a block M.
Asa=(a©b)®b, a€ M. Since c&a =do b, we see that d =
(dob)®db=(coa)®be M. Therefore, a < d. We see that

coO(avd)=(coa)A\(cod)=(dob)A(acb)=0.
Therefore, ¢ = a V d. Since a < d and cS d = a S b,
cod=(avd)od=a6(aNd)=aSh.

Therefore, a A d = b.

Suppose that a <> d, aVd =c¢, a ANd =b. Obviously, a Ad < a and
d<aVd. Since a < d, (aVd)Sa=do (aNb) and it is easy to check
that [a© (a Ad)]A[dS (aNd)] =0.

(ii) This follows from (i) by a permutation of {a,b,c,d}.

Remark. In lattice theory, the relation  is defined by the rule
a/b /c/d<=aVd=candaNd="b

and \ is defined in a dual way. By Proposition 4.5, our “effect-algebraic
is more restrictive than the original lattice-theoretical . Both definition
coincide for MV-effect algebras, because in this case the additional condition
a < d is clearly satisfied.

In what follows, the symbol = denotes the transitive closure of (\, U ).
Obviously, = is an equivalence relation.

Example 4.6. Let a/b,c/d € Q([0,1](%!). We have a/b = ¢/d if and only
if for all z € [0, 1]

a(x) # c(z) or b(x) # d(z) = a(x) =b(z) and c(z) = d(zx).

We say that quotients a/b and c¢/d are disjoint if and only if for all for
all z/y and z/w,

a/bdzx/y=z/wCc/d = z=y.

We say that a/b and c¢/d are orthogonal (in symbols a/b L ¢/d) if and
only if a/b and ¢/d are disjoint and (a © b) ® (¢ © d) exists in E. We say
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that a finite set f of quotients is pairwise orthogonal if and only if any two
distinct elements of f are orthogonal. We say that a finite set of quotients
f ={ai/b1,...,an/by} is orthogonal if and only if f is pairwise orthogonal
and the sum

If| == (a10b1)® - ® (an © by)

exists in F.

Example 4.7. In [0, 1%, we have a/b L ¢/d if and only if, for all = € [0, 1],
the intervals (b(x), a(z)] and (d(x), c(z)] are disjoint.

Example 4.8. In an orthoalgebra, we have a/b L ¢/d if and only if (a ©
b) ® (c © d) exists.

Note that, for a/b /' c¢/d and z/y T a/b, there is 2/yo C ¢/d with
x/y /" xo0/yo. Indeed, we may put zg =z @ (cSa) and yp = y ® (¢ © a).
There is an analogous relationship between \, and C.

Proposition 4.9. Let E be a homogeneous effect algebra, let a/b,c/d,e/f €
Q(E). If a/b = ¢/d and c/d is disjoint with e/ f, then a/b is disjoint with
e/f.

Proof. Suppose that a/b ' ¢/d. Let z/y and z/w be such that a/b 3
x/y=z/wC e/f. There is zo/yo C ¢/d with z/y /" x¢/yo. However, since
c/d J xo/yo = z/w E e/f. and c¢/d,e/f are disjoint, xyp = yo and hence
r=y.

Similarly, a/b \, ¢/d implies that a/b is disjoint with e/f. The rest of
the proof is a simple induction. O

Let E be a homogeneous effect algebra. Let us extend the relation = to
the set of all finite subsets of Q(FE): for two finite sets of quotients f and
g we write f = g if and only if the following symmetric pair of condition is
satisfied.

e For every proper a/b € f there is exactly one ¢/d € g such that
a/b=c/d.
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e For every proper a/b € g there is exactly one ¢/d € f such that
a/b=c/d.

It is obvious that = is an equivalence relation on the set of all finite sets of
quotients. Note that f = ) if and only if f contains only null quotients.

Lemma 4.10. Let E be a homogeneous effect algebra, let f,g be finite sets
of quotients. If f = g and f is (pairwise) orthogonal, then g is (pairwise)
orthogonal.

Proof. Suppose that f is pairwise orthogonal. Let aq/b1,a2/bs € g, a1/b1 #
az/by. If one of ay /b1, az/by is null, then ay /by L as/bs, so let us assume that
both a1 /b1, az/by are proper. Since f = g, there are ¢;/dj, ca/dy € f such
that ¢1/d1 = a1/b1, ca/d2 = as/bs and c1/dy # co/da. Since f is pairwise
orthogonal, ¢1/d; L ca/da. Therefore, a1/by L as/bs.

Suppose that f is orthogonal. Then g is pairwise orthogonal and it
remains to observe that the elements occurring in the sum |f| are (up to
some zeros) the same as the elements occurring in the sum |g|. Therefore,
g is orthogonal. O

Lemma 4.11. Let E be a homogeneous effect algebra, let £ = {a1/b1,...,a,/by} C
Q(F) be a pairwise orthogonal n-element set. Let g = {c1/dy,...,cn/dn} C
Q(FE) be a finite set such that, for all i € {1,...,n}, ¢;/d; = a;/b;. Then
f=g.

Proof. We have to prove that, for proper a;/b; and ¢;/d;, aj/bj = ¢;/d;
implies that ¢ = j. Suppose that ¢ # j. Since f is pairwise orthogonal,
a;/b; L a;/b;. However, a;/b; = ¢;/d; = a;/bj. Therefore, a;/b; = a;/b; and
this is a contradiction with a;/b; L a;/b;. O

Note that we cannot omit the assumption that f is pairwise orthogonal
from Lemma 4.11. To see this, let f = {a1/b1,a2/b2} be such that a;/b; =
az/ba, a1/b; is proper. Then for g = {a;/b1,a1/b1} we have g # f.

Let E be a homogeneous effect algebra. Let 7 be the set of all finite
orthogonal sets t C Q(F) with |t| =1 and let N be the set of all finite sets
of null quotients. It is evident that the triple Q(E) := (Q(E), T, N) forms a
generalized test space. Note that, for all events f, g of Q(F), f = g implies
that f ~ g.

The main aim of the following two sections of this paper is to prove the
following theorem.

Theorem 4.12. Let E be a complete lattice ordered effect algebra. Let £ be
a finite set of quotients of E. Then the following are equivalent:

(a) £ is an event of Q(E);

(b) £ is an orthogonal set of quotients;
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(c) £ is a pairwise orthogonal set of quotients.

It will then turn out that Q(F) is an algebraic generalized test space.
Later we shall prove that the orthoalgebra O(E) of Q(FE) is actually an
orthomodular lattice with the same block structure as E.

5. Reduced quotients

Let E be an effect algebra, let a/b € Q(E). We say that a/b is a reduced
quotient if and only if

a/b\, c/d = a/b=c/d.

Note that a/b is reduced if and only if z < b and x A (a©b) = 0 imply = = 0.

A null quotient a/a is reduced if and only if a = 0. In an orthoalgebra,
a proper quotient a/b is reduced if and only if b = 0. On the other hand, in
a totally ordered effect algebra every proper quotient is reduced.

We say that a finite set {a1/b1,...,an/bn} of quotients is compatible if
and only if {aq,b1,...,an,b,} is a compatible set.

The aim of this section is to show that for every pairwise orthogonal
finite set f of quotients in a complete lattice ordered effect algebra there
exists a compatible pairwise orthogonal finite set fz of reduced quotients
with f = fp.

Example 5.1. A quotient a/b € Q([0,1]*) is reduced if and only if
a(z) =b(z) = a(zr) =b(x) =0.

An effect algebra E is sharply dominating if and only if, for every element
w?

oli= A\{t:t ez, 11nS(E)}
exists and is sharp. It is easy to see that in a sharply dominating effect
algebra F, the element

wbi=\/{t:t € [0,2]NS(E)}

exists and is sharp, for all z. Moreover, we have z!" = 2/t and zV = 2/1.
We say that ! is the sharp cover of  and that ! is the sharp kernel of x.
In his paper [3], Cattaneo proved that for every sharply dominating effect
algebra the set of all sharp elements forms a subeffect algebra, which is an
orthoalgebra. See [16] for another version of the proof.

Example 5.2. The lattice ordered effect algebra D from example 2.4 is
sharply dominating, even if B is incomplete. We have

(x1, xg)T = (x1 V x2,21 V x2) and

(:/cl,:vg>l = (z1 N2, 21 N x2).
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We say that an effect algebra E is orthocomplete if and only if every
chain has a supremum in E. See [23] and [22] for results on orthocomplete
effect algebras. A lattice ordered effect algebra is orthocomplete if and only
if it is a complete lattice.

Proposition 5.3. ([21], Corollary 5) Every orthocomplete homogeneous ef-
fect algebra is sharply dominating. Moreover, for every block M, v € M
implies that [z', z], [z,21] C M.

Since all complete lattice ordered effect algebras are orthocomplete and
homogeneous, we may apply Proposition 5.3 for them. Note that Proposi-
tion 5.3 implies that every subset of a complete lattice ordered effect algebra
of the form [z}, x] U [z, 2] is compatible.

Lemma 5.4. Let E be a complete lattice ordered effect algebra. For all
y € E, y't =y is the greatest element of the set

{reE:x<y and y Nz =0}. (8)

Proof. Let us prove that 't is the upper bound of the set (8). For every =,
x < y'. Therefore, x < y and there is a block M D {y,z}. By Lemma 1
of [21], y A x = 0 implies that y' Az = 0. Since M is an MV-effect algebra,
this implies that z < y!’ = ¢/}

Since 't </ and

yAyt=yny <yl ayl =o,
y'! belongs to (8). O

Proposition 5.5. Let E be a complete lattice ordered effect algebra, let
a/be Q(E). The following are equivalent:

(i) a/b is reduced;
(ii) bA (a©b)l = 0;

(iii) a < (a ©b)T;

(iv) b< (aob) ©(aob).

Proof.

(i) = (ii): Suppose that < b, x < (a©b)V. Since z < b, 2 < (a O ).
By Lemma 5.4, < (a © b)" implies that 2 A (a © b) = 0. Since a/b is
reduced, this implies that = = 0.

(ii) = (iii): Let M be a block of F with a,b € M. By Proposition 5.3,
(a©b)! € M and hence (a ©b)"" € M. Since (a © b)" is sharp, (a ©b)" is
central in M. Thus, we may compute

an(aob) = ((acb)@b)Alacd)! = ((aob)A(@cb))a (bA(acb)!).
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By Lemma 5.4, (a©b) A (a©b)!" = 0. By assumption, bA (a©b)!" = 0. Since
aA(a©b)l” =0and M is an MV-effect algebra, a < (a © )" = (a © b)T.
(iii) = (iv): We see that a = (a ©b) ® b < (a © b)!, hence b <
(acb) o(acb).
(iv) = (i): Suppose that x < b, z A (a ©b) = 0. Since z < b <
(acb)'o(acb), v < (aSb). By Lemma 5.4, z < (a©b) and zA(aSb) =0
imply z < (a ©b)"t = (a© b)!". Since (a©b)T A (acb)l" =0, z=0.

O

The following lemma is crucial.

Lemma 5.6. Let E be a complete lattice ordered effect algebra. Let a/b be
a reduced quotient of & and let M be a block of E with a ©b € M. Then
a,be M.

Proof. By Proposition 5.5, a < (a©b)!. This implies that a € [a©b, (a©b)].
Therefore, by Proposition 5.3, a € M. Since a, (a©b) € M, b= a6 (aOb) €
M. 0

Corollary 5.7. Let E be a complete lattice ordered effect algebra, let £ be a
finite set of reduced quotients of E such that {a©b: a/b € £} is compatible.
Then f is a compatible set of quotients.

Proof. Let a/b,c/d € f. Since a © b « ¢ © d, there exists a block M with

a©bcode M. By Lemma 5.6, a,b,c,d € M. Therefore, {a/b,c/d} is a
compatible set of quotients. Thus, f is a compatible set of quotients. O

Corollary 5.8. FEvery reduced pairwise orthogonal finite set of quotients of
a complete lattice ordered effect algebra is compatible.

Proof. By Corollary 5.7. O
Example 5.9. If a/b is a quotient of [0,1]%) then af/b% is given by

oF(z) = {a(x) ?f a(z) i b(x), bR() — {b(x) %f a(z) i b(z),
0 if a(z) = b(z), 0 if a(x) = b(x).

(See Figure 3)
Let E be a complete lattice ordered effect algebra. Let us introduce a
mapping R : Q(E) — Q(E), given by a/b — a’' /bR, where a®* = a A (a©b)!
and b = b A (a©b)T. We say that aft/bF is the reduct of a/b.

Proposition 5.10. Let E be a complete lattice ordered effect algebra, For
every a/b € Q(E), a/b\, a’*/bf and a®/b? is reduced.
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Proof. Obviously, a® < a and b < b. Let M be a block with a,b € M. By
Proposition 5.3, (a ©b)! € M. Since (a ©b)! is sharp, (a © b)! is central in
M. Therefore,

aoad®=ao (an(@ob))=ar(@cb)'= b @ob)A@ob)l =
=(bA@eb))® ((aob)A@eb)!)=bA(aob)! =
=bo (bA(aob)') =bob"

Moreover,
(@ob)A(@aca)=(@cbAan(acd) =0.

Let us prove that a’®/b® is reduced. By Proposition 5.5, this is equivalent
to bE A (aff © b®) = 0. Since a/b \, a’/bf, a © b = af* © bf. Thus,

bVEA (@b =bA(aob)! A(aob)l’ =0.
O

Proposition 5.11. Let E be a complete lattice ordered effect algebra, let
a/b,c/d € Q(E). Then a/b= c/d if and only if a®/b% = cft/dR,

Proof. If a®* /bf = cft/d®, then a/b N\, a®/bf = cB/dR /" c/d.

Suppose that a/b / ¢/d. By Proposition 4.5, a < d so there is a block
M with {a,b,c,d} C M. By Proposition 5.3, (ccd)! € MNS(E) = C(M).
Therefore,

ff=cn(ced' =((cea)@a)r(cod)! =
=((coa)A(cod)) @ (an(cad)l).

By Lemma 5.4, cSa < (¢6d) and (¢S a) A (c©d) = 0 imply that
coa<(cod)t =(ced)l. Therefore, (cca)A(ced)! =0 and

=an(cod)! =an(aob)! =d.

As a consequence, d? = c® 6 (cod) =a & (a0 b) = b O
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Let E be a complete lattice ordered effect algebra. For a finite n-element
set f = {a1/b1,...,a,/b,} we write £ = {aft/bR ... alf/bE}.

Proposition 5.12. Let E be a complete lattice ordered effect algebra. Let
f be a finite pairwise orthogonal set of quotients. Then £ = f® and £ is
pairwise orthogonal compatible set of quotients.

Proof. By Lemma 4.11, f = f®. By Lemma 4.10, £¥ is pairwise orthogonal.
By Corollary 5.7, £ is compatible. O

6. Compatible sets of quotients

In this section we are going to prove a restriction of Theorem 4.12 for
compatible events. (Proposition 6.6.) Using Proposition 5.12, it is then
possible to extend the result to the general case.

Let D be a bounded distributive lattice. Up to isomorphism, there exists
a unique Boolean algebra B(D) such that D is a 0, 1-sublattice of B(D) and
D generates B(D) as a Boolean algebra. This Boolean algebra is called
R-generated Boolean algebra. We refer to [13], section II.4, for an overview
of results concerning R-generated Boolean algebras. See also [17] and [27].
For every element x of B(D), there exists a finite chain 1 <... <z, in D
such that x = x1 +...+x,. Here, 4+ denotes the symmetric difference, as in
Boolean rings. We then say than {x;}!" ; is a D-chain representation of x.
It is easy to see that every element of B(D) has a D-chain representation of
even length.

Note that, if D; is a 0, 1-sublattice of a distributive lattice Do, then
B(Dy) is a subalgebra of B(D3).

Lemma 6.1. (Lemma 7 of [20]). Let L be a finite 0,1-sublattice of an
MV-effect algebra M. The mapping ¢r, : B(L) — M given by

n

or(z) = @(J»’Qz © T2i-1), 9)

i=1

where {x;}2", is a L-chain representation of x, is a faithful surjective ho-
momorphism of effect algebras. The value of ¢r(x), as given by (9), does
not depend on the choice of {x;}3%,.

Note that, since every compatible 0, 1-sublattice L of a lattice ordered
effect algebra is a sublattice of some block M, Lemma 6.1 is true even if
we merely suppose that L is a compatible 0, 1-sublattice of a lattice ordered
effect algebra.

Let L be a lattice. An element a of L is join-irreducible if and only if
a = bV c implies that a = b or a = ¢; it is meet-irreducible if and only

19



if @ = b A c implies that a = b or a = ¢. The set of all nonzero join-
irreducible elements of a lattice L is denoted by J(L), the set of all non-unit
meet-irreducible elements of a lattice L is denoted by M (L).

Let L be a finite distributive lattice. Then the mapping r : L — 27(L)
given by r(z) = {a € J(L) : a < z} is a 0, 1-embedding of L into 27(F).
Since, for every finite distributive lattice L, 7(L) R-generates 27(1) the
injective mapping r : L — 27 uniquely extends to an isomorphism of
Boolean algebras 7 : B(L) — 271,

In what follows, >=p denotes the usual covering relation on a poset P,
that means, a =p b if and only if b is a maximal element of the set {x €
P :x < a}. In a finite distributive lattice L, we have a >, b if and only if
7(a) \ 7(b) is a singleton.

Let L be a finite distributive lattice. We have a € J(L) if and only if
there is a unique b such that a >, b. Therefore, {a +b:a >1 b, a € J(L)}
is the set of all atoms of B(L).

Let L be a finite 0, 1-sublattice of a lattice ordered effect algebra FE,
and let f = {a1/b1,...,a,/by} be a compatible set of quotients such that
f CQ(L). We write

+f:a1+bl+"‘+an+bn7
where the + on the right-hand side is taken in B(L).

Lemma 6.2. Let E be a complete lattice ordered effect algebra, let {a/b,c/d}
be compatible. Let L DO {a,b,c,d} be a finite compatible 0, 1-sublattice of E.
Then a/b = c¢/d implies that a + b= c+d in B(L).

Proof. By Proposition 5.11, a/b = c¢/d implies that af*/b¥ = cft/dF. Let M
be a block of E such that L C M. Since a©b € M, Lemma 5.6 implies that
a®/bf € Q(M). Therefore, {a/b,c/d,a’/bT = cF/d®} is a compatible set
of quotients. Let L; be a finite compatible lattice such that L C L; C M,
{CZR, bR} - Ll.

By Proposition 5.10, a/b \, af*/b%. By Proposition 4.5, bV a® = a and
b A a® = b, Therefore, we may calculate in B(L1)

a+b=0bVa®)+b=a+ (bral)=al + bl
Similarly, ¢/d \, ¢®/d® implies that ¢ + d = ¢ + df. Therefore,
at+b=a+of=cf+dl=c+d
in B(L;) and, since B(L) is a subalgebra of B(L1), a+b = c+din B(L). O

Proposition 6.3. Let E be a complete lattice ordered effect algebra, let
{a/b,c/d} be compatible. Let L O {a,b,c,d} be a finite compatible 0,1-
sublattice of E. Suppose that a »=1 b. Then a/b = c/d if and only if
a+b=c+din B(L).
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Proof. Suppose that a +b = ¢+ d. Since a >, b, #(a) \ 7(b) is a singleton.
Let e € #(a) \ 7(b). Since e is join-irreducible and nonzero, there is a single
element f € L such that e =1 f. We claim that a/b \, e/f. Indeed,

an(bVe)=(aNnb)V(aNe)=DbVe,

hence a > bV e > b. Since a >, b, we have either bV e =a or bVe =b.
However, bV e = b implies that e € 7#(b), which contradicts e € #(a) \ 7(b).
Therefore, bV e = a.

Since L is distributive, the intervals [b, bV e] and [bAe, e] are isomorphic.
AsbVvVe=a»pb e>p bAe Since e is join-irreducible and nonzero, e
covers exactly one element, hence b A e = f. We have proved that bvVe=a
and a A e = f. By Proposition 4.5, a/b \, e/ f.

Since a+b = c+d, 7(a) \7(b) = 7(c) \ 7(d) and 7(c) \ 7(d) is a singleton.
This implies that ¢ >, d and, similarly as for a/b, ¢/d \, e¢/f. Therefore,
a/b\ e/f / ¢/dand a/b= c/d.

The opposite implication follows by Lemma 6.2. O

Lemma 6.4. Let E be a complete lattice ordered effect algebra, let {a/b,c/d}
be compatible. Let L DO {a,b,c,d} be a finite compatible 0, 1-sublattice of E.

Then a/b and c¢/d are orthogonal if and only if a + b,c + d are disjoint in
B(L).

Proof. Suppose that a/b and ¢/d are orthogonal and that a + b,c + d are
not disjoint in B(L). Then there exists e € (#(a) \ #(b)) N (#(c) \ #(d)).

Let ag/bo, . ..an/b, and co/do, ..., cr/d; be sequences of quotients of L
such that

a=ap>rbp=ar = bi=ay > - > bp_1=0ap > bp=0>
and

c=corrdo=c1>=pdi=co > > dir_1=cg > dip =d.
In 27(L), we have

#(a) \ 7(b) = Uizo (7(as) \ #(b:))

and similarly for #(c) \ #(d). Therefore, e € (#(a;) \ #(b;)) N (7(c;) \ #(d;))
for some 4, j. Since a; >, b; and ¢; > dj, this implies that 7(a;) \ 7(b;) =
7(cj)\7(d;), that means, a;+b; = ¢j+d;. By Proposition 6.3, a;/b; = ¢;/d,;.
This contradicts a/b L ¢/d.

Suppose that a + b and ¢+ d are disjoint in B(L). Let z/y, z/w € Q(E)
be such that

a/bJx/y=z/wC c/d.
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Obviously {a,b,z,y} and {c,d, z,w} are compatible sets. Since x ©y =
zow < agcand zoy =z20w <V, d, {a,bc,dix oy = 28w} is
compatible as well. By Lemma 5.6, this implies that the sets of quotients

fi == {a/b,x/y, a" /b7, 27 /y"},
£y := {c/d, z/w, cf/d%, 2 Jw?}, and
g = {a/ba C/da aR/bR) CR/dR7 xR/yR}'

are compatible. Moreover, by Proposition 5.11, 2% /yft = 2% /w!. Let L, Ly
and K be finite compatible 0, 1-sublattices of E such that f; C Q(Lq),
fo € Q(L2) and g € Q(K).

Obviously, a +b >p(r,) * +y. By Lemma 6.2, a +b =p(1,) a’® + b and
T+Y =p(Ly) x4+ y®. Therefore, a®®+ b >B(L1) x4yt Since B(L1NK) is
a subalgebra of B(L), we have aft +bF > B(L1NK) zf 4y, Since B(L1NK)
is a subalgebra of B(K), the implies that af + b7 > B(K) 4R, Similarly,
cft 4 gt > B(K) 2P w? = 2f 4 yf. Since a + b and ¢ + d are disjoint in
B(L), they are disjoint in B(L N K) and hence also in B(K). By Lemma
6.2, af* + bt =p(Kx) @+ b and c® 4 df =p(k) ¢+ d. Thus, a® 4+ b and
c® + df are disjoint elements of B(K). This implies that z® + ¢y = 0, so

2z = y® and hence = = v. O

Proposition 6.5. Let E be a complete lattice ordered effect algebra. Let
={a1/b1,...,a,/bn} C Q(E) be a compatible set of quotients. Let L be

a finite compatible 0, 1-sublattice of E with {a1,b1,...,an,by} € L. Then £
is orthogonal if and only if, for all i # j, a; + b; and a; + b; are disjoint in
B(L).
Proof.

(=): By Lemma 6.4.

(«<): By Lemma 6.4, the elements of f are pairwise disjoint. It remains
to prove that

fl=(a10b) @ & (an ©bn)

exists. By assumption, the sum
(a1 +b1) ® - ® (an + by)

exists in the effect algebra B(L). Since ¢y, is a morphism of effect algebras,
the sum

dr(ar+b1) @ --- @ dr(an + by)

exists in F. In remains to observe that, for all i, ¢r(a; + b;) =a; ©b;. O

It is now clear that, for every finite compatible 0, 1-sublattice L of a
complete lattice ordered effect algebra F,

{a/b:a>rb,ac J(L)}
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is a compatible test of Q(E). On the other hand, for a finite compatible and
orthogonal set of quotients f = {a1/b1,...,a,/b,} we have

+f = (a1 + b1)V...V(an + by)

in every B(L) with f C Q(L), where L is a finite compatible 0, 1-sublattice
of E.

Proposition 6.6. Let E be a complete lattice ordered effect algebra. Let f be
a finite compatible set of quotients of E. Then the following are equivalent:

(a) £ is an event of Q(E);
(b) £ is an orthogonal set of quotients;
(c) f is pairwise orthogonal.

Proof. (a) = (b) and (b) = (c) follow by definition.

(c) = (a): We shall prove that there exists a compatible and orthogonal
finite set t D f with [t| = 1. Let £ = {a1/b1,...,a,/by}. Let L be a finite
compatible 0, 1-sublattice of E with {a1,b1,...,an,b,} C L. Let (cz)fﬁl be
an L-chain representation of the complement of a1 + b1 + -+ + a, + b, in
B(L). By Proposition 6.5,

t={a1/br,...,an/bp,c2/cr,. .., con/cop—1}
is orthogonal. By Lemma 6.1, we have |t| = 1. O

Corollary 6.7. Let E be a complete lattice ordered effect algebra. Let £ C
Q(E) and g C Q(F) be events of Q(E) such that £ U g is compatible. Let
L be a finite compatible 0,1-sublattice of E with f,g C Q(L). Thenf L g
if and only if +f Lp) +g and f loc g if and only if +f Lp) +g and
or((+£)V(+g)) = 1.

Proof. By Propositions 6.5 and 6.6. ]

Proof of Theorem 4.12. Let f be a finite pairwise orthogonal set of quo-
tients. Since f = ff, ff is pairwise orthogonal. By Corollary 5.8, f? is
compatible. By Proposition 6.6, £ is an event of Q(E), therefore there
exists a test tg O £ Put t = f U (to \ fF). By Lemma 4.11, t = to. By
Lemma 4.10, t is a test. L]

Proposition 6.8. Let E be a complete lattice ordered effect algebra, let f, g
be events of Q(E). Then £ L g if and only if for all z/y € £ and z/w € g
we have z/y L z/w.

Proof. £ L g if and only if fNg € N and f Ug is an event of Q(F). The
rest follows by Theorem 4.12. O
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7. Q(E) is algebraic

Let f be a finite orthogonal set of quotients, let z/w € Q(FE). We say
that z/w is covered by f if and only if there are z; /w1, ..., z,/wy, such that

° 2=z,
® Wp = w,
o forall 1 <i<n, w; = zi41,

e for all 1 <i < mn, there are ¢/d and e/ f such that z;/w; =c/dCe/f €
f.

Proposition 7.1. Let E be a complete lattice ordered effect algebra, let t be
a test of Q(E). Let z/w be such that, for alle/f €t, z0w < e f. Then
z/w is covered by t.

Proof. Let us write t = {e1/f1,...,em/fm}. By Corollary 5.7, tFU{z% /w!}
is a compatible set of quotients. Let L be a finite compatible 0, 1-sublattice
of E with t U {zf/wf} C Q(L). By Lemma 6.1,

or((ef + V.. Vel + M) =(foffHe-alghofl)=t=1

Since ¢, is faithful, this implies that (eff + f)V...V(e® + fE) = 1. Let
z1/wi, ..., zn/wy, € Q(L) be such that

o 2t =2,

o w, = wk,

o forall 1 <i<mn, z; = w1,

e forall 1 <i<mn, z > w.
In B(L), we have

2wl = (2 Fw)V . V(2 F wp).

Since each z; + w; is an atom of B(L), we see that for every 1 <i < n there
exists some 1 < j < m such that z; + w; < ef + f ]R. Therefore, there are
¢,d € L such that z; +w; = ¢+ d and ef >c-d> fJR. By Proposition 6.3,
ziJw; = ¢/d.

Since 2 /w® is covered by tf, z/w is covered by t. O

Theorem 7.2. For every complete lattice ordered effect algebra E, Q(E) is
an algebraic generalized test space.
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Proof. Let f,g,h be such that f ~ g, g loc h. We shall prove that f loc h.
There is an event u such that f loc u and g loc u. Since [f| @ |h| =1, it

suffices to prove that every pair of quotients a/b € f and ¢/d € h is disjoint.

Assume the contrary and let z/y, z/w be proper quotients such that

a/bJx/y=z/wC c/d.

Since (x & y) & |u|, (z 8 w) & |g| exist and z & u = z S w, we see that,
foralle/f euUg, z20y=z2z60w < (e f). Therefore, z6y=20w <«
e S f. By Proposition 7.1, this implies that z/y is covered by the test uUg.
However, since z/y C a/b € f L u, z/y is disjoint with every element of u.
Therefore, x/y is covered by g. In particular, there exists a proper quotient
x1/y1 C x/y such that z1/y1 C p/q for some p/q € g. As x1/y1 C x/y
and x/y = z/w, there exists a proper quotient z;/w; E z/w such that
z1/w1 = x1/y1. Obviously 21 ©w; < z ©w implies that, for alle/f € uug,
16y = 210w < (e© f) and hence 1 Sy; = 21 Sw; < e f.
By Proposition 7.1, this implies that z;/wy is covered by the test u U g.
Since z1/wy; € z/w C ¢/d € h L g, z1/w; is covered by u. In particular,
there is /s € u such that there is a proper quotient zo/w2 T z1/wi,r/s.
As z1/w; = x1/y1, there is a proper quotient x2/ys T x1/y; such that
x2/y2 = zo/we. We see that

p/q 2 x1/y1 D wa/y2 = z2/w2 C 21/w1 E /s
and x2/y9 is proper. This is a contradiction with /s L p/q. O

For a complete lattice ordered effect algebra, we denote the orthoalgebra
of Q(E) by O(E).

Corollary 7.3. For every complete lattice ordered effect algebra, the map-
ping ¢g : O(E) — E given by ¢p([f]~) = |f| is a surjective full morphism
of effect algebras.

Proof. 1t is easy to check that ¢g is a morphism of effect algebras. Let
s,t € E and suppose that s@®t exists. Then, in Q(E), {s/0} L {s®t/s} and
hence, in O(F), the sum [{s/0}]~ @ [{s ® t/s}]~ exists. As, for all s € F,
oe([{s/0}]~) = s, ¢ is surjective. O

To abbreviate our notations, let us write
o f < g instead of [f]. < [g]~

e a/b L f instead of {a/b} L f

e a/b < f instead of {a/b} S 1.

Proposition 7.4. Let E be a complete lattice ordered effect algebra, let £, g
be events of Q(E). Then £ < g if and only if, for all a/b € Q(F), a/b L g
implies that a/b L f.
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Proof. Suppose that f < g. There is an event v such that v 1 f and
vUf~g. Ifa/b Ll g, thena/b L vUf and a/b L f.

Suppose that, for all a/b € Q(F), a/b L g implies that a/b L f. Let u be
a local complement of g. By assumption, every quotient in u is orthogonal
to f. By Proposition 6.8, this implies that f Uu is an event. Let v be a local
complement of f Uu. Then u is a local complement of f Uv. Consequently,
fuv~gandf <g. O

Corollary 7.5. Let E be a complete lattice ordered effect algebra, let £, g be
events of Q(E). Then f ~ g if and only if, for all a/b € Q(F), a/b L f &
a/blg.

Proof. By Proposition 7.4. 0

Proposition 7.6. Let E be a complete lattice ordered effect algebra, let £, g
be events of QU(E). Then £ < g if and only if for allx/y € f z/y < g.

Proof. Suppose that for all x/y € f we have z/y < g. Let h be a local
complement of g. Then f < gifand onlyif f L h. Let 2/y € f and z/w € h.
Since z/y < g L h 2 z/w, we see that x/y L z/w. By Proposition 6.8,
f 1L h. O

8. Perspectivity of sharp and compatible events

We say that an event f of Q(FE) sharp if and only if |f| is sharp.

Proposition 8.1. Let E be a complete lattice ordered effect algebra. Let g
be a sharp event of Q(E), let f be an event of Q(E). Then £ < g if and only

if If] < gl

Proof. Obviously, f < g implies that |f]| < |g].

Suppose that |f| < |g| and that a/b L g. By Proposition 7.4, it suffices to
prove that a/b L f. Suppose that a/b [ f. By Proposition 6.8, this implies
that a/b [ ¢/d for some ¢/d € f. As (a©b)D|g| exists, (a©b) B (cOd) exists.
Therefore, a/b is not disjoint with ¢/d. In particular, (a ©b) A (c© d) > 0.
However, we then have

0<(acb)A(cod)<aob<|g|

and
0<(aeb)A(ced) <cod<|f] <|gl|

This is a contradiction with |g| € S(F). O

Corollary 8.2. Let E be a complete orthomodular lattice. Then the mapping
Y O(E) — E given by ¥([f].) = |f| is an isomorphism.
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Proof. The proof is a trivial application of Proposition 8.1 and is therefore
omitted. 0

Proposition 8.3. Let E be a complete lattice ordered effect algebra. Let
f,g be compatible events of Q(E) such that £ Ug is compatible. Let L be a
finite compatible 0, 1-sublattice of E with f Ug C Q(L). Then £ < g if and
only in +f < +g in B(L).

Proof. Let (cz)fﬁl be an L-chain representation of the complement of +g in
B(L) and write h = {ca2/c1, ..., cor/cop—1}. By Corollary 6.7 g loc h.
Since Q(F) is algebraic, f < g is equivalent to f L h. By Corollary 6.7,
f L h if and only if +f L +h. Obviously +f | +h if and only if +f <
+g. O

Corollary 8.4. Let M be a complete MV-effect algebra. Then the mapping
Y O(M) — B(M) given by ¥([f]~) = +f is an isomorphism of effect
algebras.

Proof. Let us prove that v is well-defined: suppose that f ~ g. Since M is
an MV-effect algebra, f U g is compatible. By Proposition 8.3, +f = +g.
Obviously 1 is surjective. Suppose that ¥ (f) = 1(g), that means, +f = +g.
By Proposition 8.3, f ~ g.

It remains to prove that ¢ is a homomorphism. Suppose that [f]. L
[g]~. This implies that f 1 g. Let L be a finite 0, 1-sublattice of E with
fUg C Q(L). By Corollary 6.7, ¥(f) L ¢(g) and, obviously,

P([fl~ @ lglv) = o(f U gle) = (+) © (+8) = ¢([f]~) ® ¥([g]~)-

9. O(FE) is a lattice

Let f = {a1/ba,...,a,/by} be a compatible event of E. In what follows,
(f) denotes the (finite distributive) 0, 1- sublattice of E generated by the set
{al, bl, cee sy, bn}

Let f be an event of E. We denote the test

{a/b:a e J((£®),a =1 b}

by tg. We write
f* .= {a/bets:a/b L}
We have f ~ f% and % loc f*. Since Q(E) is algebraic, f loc f*.

Proposition 9.1. Let E be a complete lattice ordered effect algebra. Let £
be an event of Q(E), let a/b € Q(FE). Then a/b L f if and only if a/b is
covered by £*.
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Proof. Suppose that a/b L f. We shall prove that a/b is covered by f*.
For all ¢/d € f, a © b « ¢ © d. Therefore, by Corollary 5.7, {af*/b%} U £
is a compatible set of quotients. Obviously, () C (ff U {af/bf}). As
£* C Q((ff)), this implies that {a'/bf} U f* is compatible. Therefore, for
all ¢/d € f Uf* a © b < c© d. By Proposition 7.1, a/b is covered by the
test £ U f*. Since a/b L £, a/b is covered by f*.

Suppose that a/b is covered by £*. As f loc £*, this implies that a/b < £*
and hence a/b L f. O

Corollary 9.2. Let E be a complete lattice ordered effect algebra. Let f,g
be events of QE). Then g < f if and only if every a/b € g is covered by
£,

Proof. Since f loc f*, g < f if and only if g | f*. By Proposition 6.8 g 1 f*
if and only if every a/b € g is orthogonal to f*. By Proposition 9.1, a/b L f*
if and only if a/b is covered by f**. O

Let us write, for a/b € Q(F) and p € S(E), (a/b)Mp =aAp/bAp. Note
that the reduction map is a special case of M: af*/b% = (a/b) M (a © b)T.

Lemma 9.3. Let E be a complete lattice ordered effect algebra, let p,a,b €
E. Ifp < a,b, then {a/b} ~ {(a/b) Np, (a/b) N p'}.

Proof. Let L be a finite compatible 0, 1-sublattice of F with a,b,p € L. An
easy computation in B(L) yields (a Ap+bAp)V(aAp +bAp)=a+0b. By
Proposition 8.3, {a/b} ~ {(a/b) Mp,(a/b) N p'}. O

Lemma 9.4. Let E be a complete lattice ordered effect algebra. For all
s, te B, sA(sAt) = ta(sat)lh

Proof. We have
sAt=sA(sAt)<sA(sAt)l.

Similarly, s At <t A (s At)T. Thus, we have
sA(sAt) tA(sAt) elsnt, (sAt)].

By Proposition 5.3, [s At, (s At)!] is a compatible set, hence s A (s At)! «
tA(snt)l. O

Lemma 9.5. Let E be a complete lattice ordered effect algebra. Let a/b,c/d €
Q(FE) be reduced. Then z/y < (a/b),(c/d) if and only if

2/y S (a/b) 1 ((aeb) A(cod)!

and

o/y S (c/d)N (@& b) A(ced).
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Proof. We may assume that x/y is reduced. Suppose that z/y < (a/b), (c¢/d).
Then 20y < (a©b)A(cOd) < ((a©b)A (c@d))T. By Proposition 5.3, since

{zSy, acb, (aSb)A(cad)} is a compatible set, {zSy, aob, ((acb)A(cad))'}
is a compatible set. As z/y and a/b are reduced quotients, Corollary 5.7 im-

plies that {z,y,a,b, ((a@ b)A(co d))T} is a compatible set. By Lemma 9.3,
we have

{z/y} < {a/b} ~ {(a/b) 11 ((a©b) A (c@d))T, (a/b) M1 ((a©b) A (cO d))T/}.

Let u be a local complement of
{(a/b)1 ((aeb) A(cad), (@/b)n(asb)Aced)}.

Since {z,y,a,b, ((a ©b) A (c© d))T} is a compatible set and z/y L u, we
have 1 &y < e O f, for all e/ f € {(a/b) M ((a & b) A (c@d))T, (a/b)M((ae
b) A (ce d))T/} U u. Therefore, by Proposition 7.1, z/y is covered by

{(@/®) N ((aeb)Al(cad), (a/b)n(aeb)Aced) '} uu

However, z/y 1 u and, since z©y < ((a ©b) A (cO d))T € S(E), x/y and
a/bf ((@aeb)A(co d))T/ are disjoint. Therefore, z/y < (a/b) M ((a © b) A
(co d))T. Symmetrically, one can prove z/y < (¢/d) M ((a ©b) A (c© d))T.

The opposite implication follows by Lemma 9.3. O

Lemma 9.6. Let E be a complete lattice ordered effect algebra. Suppose
that a/b,c/d € Q(E) are such that a &b« c&d. Then [{a/b}|~ A [{c/d}]~
exists in O(E) and equals [{af A B /(0% v dF) A (af v B)} ..

Proof. Suppose that z/y < a/b,c/d. Since the set {a©b, cOd, xSy} is mutu-
ally compatible, Corollary 5.7 implies that the set of quotients {x/y%, aft /bR, R /dft}
is compatible. Thus, there is a finite compatible sublattice L of E with
{xf/yR aft /bR B /df} C Q(L). By Proposition 8.3, we see that 2% +yf <
af® + b% c® + d® in B(L). A simple calculation in B(L) then yields

(a® +bF) A (B +df) = (af Aty + (b v dP) A (aFF v ),
hence we obtain

ot 4y < (@A) + (B vd) A (af v eft)) < aft +bf 4 R

Again, by Proposition 8.3, we obtain

Byt < aft Al (6R v dB) A (aft v ) < aB bR B jdl.
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Lemma 9.7. Let E be a complete lattice ordered effect algebra. For all
a/b,c/d € Q(E), [{a/b}|~ A [{c/d}|~ exists in O(E).

Proof. We may assume that a/b and ¢/d are reduced; by Lemma 9.5, [{a/b}]| A
[{c/d}]~ exists if and only if

{(a/b) N ((acb) A(cod) N All(e/d) N (a2 b) A (ced) )]

exists, and they are equal. Let M be a block of E with a©b, (a©b)A(cEd) €
M. By Proposition 5.3, ((a©b) A (c@d)) € M. Since MNS(M) =C(M),
(aeb)A(ce al))T is central in M. Therefore,

l(a/b)N((aSb)A(cod))'| = (a/\((a@b) AcSd) T) ( ((a@b)/\(c@d))T) -
—(@aeb)A((acb)Alced). (10)
Similarly, we obtain
(c/d) N ((aeb)A(cad) | =(cad) A (@b A(cad)'.
By Lemma 9.4 (put s=a&band t =cod),

(a@b)/\((a@b)/\(c@d))TH(CQd)/\((a@b)/\(c@d))T.

By Lemma 9.6,

H(a/b) M1 ((aeb) A(ced) o A{lc/d) N ((aeb) A(cod) }
exists in O(E). O

Theorem 9.8. Let E be a complete lattice ordered effect algebra. O(E) is
an orthomodular lattice.

Proof. Tt is well known that an orthoalgebra is a lattice iff it is a (lower or
upper) semilattice. Therefore, it suffices to prove that for every pair f, g of
events of Q(E), [f]~ A [g]~ exists in the orthoalgebra O(E). Let us write

f** = {al/bl,. . .,an/bn}
g** = {Cl/dl, e ,Cm/dm}.

Forie{l,...,n} and j € {1,...,m} let e;;/ fij be such that

[{eii/ fij~ = {ai/bitl~ A [{ej/dj}~

and put
h:={e;j/fij:ie{l,....,n} and j € {1,...,m}}.
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By Theorem 4.12, h is an event of Q(E) and, by Proposition 7.6, h < f** g**.
It remains to prove that, for every u < £**, g** we have u < h. Let z/y € u.
By Corollary 9.2, x/y is covered by f** and g**. By a simple induction with
respect to m and n, it is easy to prove that

{z/y} ~{xij/yij i€ {1,...,n}and j € {1,...,m}},

where for each x;;/y;; we have ;;/y;; T a;/b;, c;/d;. This implies that, for
allie {1,...,n} and j € {1,...,m},

[ij /Yijl~ < [ai/bi]~ A cj/dj]~

Consequently, by Proposition 7.6, x/y < h and, again by Proposition 7.6.
u < h. O

10. ¢g, ¢}, compatibility and blocks

In this section, we shall show that there is one to one correspondence
between blocks of a complete lattice ordered effect algebra E and O(E).
Under ¢g, the (pre)image of a block is always a block. Moreover, we prove
that E, as a lattice, embeds into O(E).

Lemma 10.1. Let E be a complete lattice ordered effect algebra, let f be a
reduced event of Q(E). Then

£~ {If['/0} U{(a/b) N I£["' : a/b € £}

Proof. Since f is reduced, f is compatible. Let M be a block with f C Q(M).
Since |f| € M, |f|! € M. Therefore, for all a/b € f we have |f|} < a,b. By
Lemma 9.3,

{a/b} ~ {(a/b) MV IEI, (a/b) TV IEIVS,

hence

£~ (J {(a/0) MIEY, (a/b) M1V (11)

a/bef

Since |f|T € C(M), we have

fl= P acb= P @b Alfl' P (@ob)Alf.

a/bef a/bef a/bef

Since |f|} < |f| and |f]! € S(E), we see that

Il = P (@ob) Alf

a/bef

31



Since, for all a/b € f,
|(a/0) T IEH = (a AJE[) © (A1),

we obtain

f' = D H(a/0)TIE} = [{IE]H/0}].

a/bef
By Proposition 8.1, this implies that
U {(a/b) £} ~ {I£]/0}.
a/bef
The rest follows from (11). O
Lemma 10.2. Let E be a complete lattice ordered effect algebra, let [f]~,[g]~ €
O(E). Then [f]~ <oE) [gl~ if and only if dp([f]~) < £ ¢r([g]~)-

Proof. We may assume that f and g are reduced. By Lemma 10.1, we have

£~ {IfI'/0} U {(a/b) [£]" : a/b € £}"

g~ {lgl'/0}y U {(a/b) N Ig|" : a/b € g}
Let M be a block with ||, |g| € M. Then [|f|*,|f]]U[lg|',|g|] € M. Since,
for all ¢/d € {|f|*/0} U {(a/b) T |f]V : a/b € £}R U {|g|t/0} U {(a/b) 1 |g|" :
a/b € g}®, code M, we have ¢,d € M for all such c¢/d. Let L be a finite
compatible 0, 1-sublattice of E such that
{IE1H/0yui(a/b)NIEY - a/b € £} U{lglt /0}U{(a/b)MIg" - a/b € g} C Q(L).
Let t;, be the test

{e/f:e€ J(L)and e =1, f}.

By Proposition 8.3 and Corollary 6.7, it is easy to check that for every
c/d € Q(L) there exists h C tz, such that h ~ {c¢/d}. Therefore, [f]. and
[g]~ are covered by the word ([{a/b}]~ : a/b € ty). Thus, [f]. < [g]~. O

Theorem 10.3. Let E be a complete lattice ordered effect algebra.
(a) Let M be a block of E. Then ¢3;' (M) is a block of O(E).
(b) Let B be a block of O(E). Then ¢r(B) is a block of E.

Proof.

(a) By Lemma 10.2, ¢;*(M) is a compatible subset of O(E). We shall
prove that ¢,'(M) is a maximal compatible subset of O(E). Let
y € O(FE) and suppose that, for all x € d)El(M), x <> y. Then, by
Lemma 10.2, ¢ ({y}U¢s' (M)) 2 M is compatible in E. Since M is a
maximal compatible subset of E, ¢ ({y} U ¢t (M )) = M. Therefore,
¢p(y) € M and y € ¢! (M).
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(b) ¢r(B) is compatible. Let M 2O ¢g(B) be a block of E. By part (a),
¢ (M) is a block of O(E). By the maximality of B, B = ¢ (M)
and we see that ¢p(B) = ng(ngl(M)) =M.

O]

For a complete lattice ordered effect algebra E, a mapping ¢7, : £ —
O(E) is defined by ¢ (z) = [{z/0}]~. Note that ¢ (¢} (z)) = =.

Lemma 10.4. Let E be a complete lattice ordered effect algebra, let a/b €
Q(F) be reduced and let p € S(E) be such that p < a&b. Then (a/b)Mp is
reduced.

Proof. We shall prove that z < bAp and z A ((a Ap)© (b /\p)) = 0 imply
that x = 0.

Note that, since a/b is reduced and z,p < a © b, {z,a,b,p} is a com-
patible set; let M DO {x,a,b,p} be a block of E. Since p is central in M, we
have (a Ap) & (bAp) = (a&b) A p. Moreover,

ﬂC/\(CL@b):Cﬂ/\(((a@b)/\p)\/((a@b)/\p/)) =
=(@A@eb)Ap)V(zA(@ob)AY)=aA(@ob) Ap (12)

and, since < p, z A (a©b) Ap' =0. Since x < b, z A (a©b) =0 and a/b
is reduced, x = 0. O

Theorem 10.5. Let E be a complete lattice ordered effect algebra. Then
¢y is a injective 0, 1-lattice homomorphism.

Proof. 1t is obvious that ¢};(0) = Op(g) and that ¢}(1) = 1oy and that
¢}, is injective. Let a,c € E. By Lemma 9.5,

¢1(a) A ¢ (c) = {a/0}~ A [{c/0}]~ = {a/0} 1 (a A )] A [{e/0} M (an ) /0] =
=[{an (an C)T/O}]N A{eA (an c)T/OHN.

By Lemma 9.4, a A (a Ac)! < a A (aAc)!, hence we may apply Lemma 9.6
to obtain

Han(ane)l /oY~ Al{eA(ane) Y = [{anen(ane)/0}. = [{anc/0}]..
It remains to prove that ¢}, preserves joins; in other words, that [{a/0}]~ V
[{c/0}]~ = [{aV c/0}]~. This is equivalent to [{1/a}]~ A [{1/c}~ =[{1/aV
c}]~. We have

(1/a)®=dT/andl

(1/e)f=dTjendl.
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By Lemma 9.5,
{a'Tfana T A[{eT fend T = [{(aT Jana M )n(a' A ) THA{(T /endTn(a’ Ad) T} .
We see that

(dJanadHn(d ") = A an(d A

(endhYn(@ nd) = @A) Jen(d Ad)T
and that, by Lemma 10.4, both quotients are reduced. Moreover, since

(AT o (an(a' A c’)T) =(1oa)AdAd) =d AN
and, similarly,
(A e (cA(d A c/)T) =N N,

Lemma 9.4 implies that they are compatible. Therefore, we may apply
Lemma 9.6 to compute the meet of their perspectivity classes. After an
easy computation we obtain

(' AT Jan(a AT A[(a' AT Jen(a AT = [(a' AT (ave)A(a' AT
Finally, it remains to observe that
(1/ave)f=(d Ad)/(ave)n(d A
O

Corollary 10.6. Let E be a complete lattice ordered effect algebra. ¢7,(S(E))
is a sub-orthomodular lattice of O(E).

Proof. By Theorem 10.5, ¢3,(S(E)) is closed with respect to 0,1, V, and A.
It remains to prove that ¢},(S(E)) is closed with respect to ’. Let a € S(E).
Then ¢},(a) = [{a/0}]~. In O(E), we have [{a/0}] =~= [{1/a}]~. Since
a,a’ € S(E), {1/a} is a sharp event of Q(F). By Proposition 8.1, |{1/a}| =
[{a’/0}| implies that {1/a} ~ {a’/0} and we see that

{1/a}~ = [{a'/0}]~ = ¢E(d)) € PR (S(E)).
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