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1. Introduction and preliminaries

This contribution is based on the work [3].
Effect algebra is a structure introduced by Foulis and Bennett in [2]. The prototype of this

structure is the set of Hilbert space effects E(H) = {A ∈ B(H) | 0 ≤ A ≤ I}. The corresponding
effect algebraic operation ⊕ is (a restriction of) the usual addition of operators.

Let H be an infinite-dimensional separable complex Hilbert space. Let B(H) denote the set of
all bounded linear operators on H, Bp(H) is the set of all bounded positive linear operators on
H. The set of all compact operators on H is denoted by Com(H), the set of all positive compact
operators on H is denoted by Comp(H). The set of all trace-class operators on H is denoted
by J1(H), the set of all positive trace-class operators on H is denoted by J1p(H). The set of
all Hilbert-Schmidt operators on H is denoted by J2(H), the set of all positive Hilbert-Schmidt
operators on H is denoted by J2p(H).

Now we give some definitions and basic facts about quantum structures.

Definition 1 (Foulis and Bennett, [2]). A partial algebra (E;⊕, 0, 1) is called an effect algebra
if 0,1 are two distinct elements and ⊕ is a partially defined binary operation on E which satisfy
the following conditions for any x, y, z ∈ E:

(E1) x⊕ y = y ⊕ x if x⊕ y is defined,
(E2) (x⊕ y)⊕ z = x⊕ (y ⊕ z) if one side is defined,
(E3) for every x ∈ E there exists a unique y ∈ E such that x⊕ y = 1 (we put x′ = y),
(E4) If 1⊕ x is defined then x = 0.

Definition 2. Let E be an effect algebra. Then Q ⊆ E is called a sub-effect algebra of E if

(i) 1 ∈ Q,
(ii) if out of elements x, y, z ∈ E with x⊕ y = z two are in Q, then x, y, z ∈ Q.

Definition 3. (1) A generalized effect algebra (E; ⊕, 0) is a set E with an element 0 ∈ E and
partial binary operation ⊕ satisfying for any x, y, z ∈ E conditions

(GE1) x⊕ y = y ⊕ x if one side is defined,
(GE2) (x⊕ y)⊕ z = x⊕ (y ⊕ z) if one side is defined,
(GE3) If x⊕ y = x⊕ z then y = z,
(GE4) If x⊕ y = 0 then x = y = 0,
(GE5) x⊕ 0 = x for all x ∈ E.

(2) Define a binary relation ≤ on E by
x ≤ y iff for some z ∈ E, x⊕ z = y.

(3) Q ⊆ E is called a sub-generalized effect algebra of E if and only if out of elements x, y, z ∈ E
with x⊕ y = z at least two are in Q then x, y, z ∈ Q.

Note that every sub-generalized effect algebra of E is a generalized effect algebra in its own
right.

The well known facts are that the relation ≤ in Definition 3 is a partial order on E for which
0 is the least element of E. Moreover, E is an effect algebra iff E has a greatest element 1 .
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Further, if (E;⊕, 0, 1) is an effect algebra, then (E;⊕, 0) is a generalized effect algebra (with the
same operation ⊕) (see [1]).

Assume that (E;⊕, 0) is a generalized effect algebra. Then (see, e.g., [5]) for any fixed q ∈ E,
q 6= 0 the interval

[0, q]E = {x ∈ E | there exists y ∈ E with x⊕ y = q}
is an effect algebra ([0, q]E ;⊕q, 0, q) with unit q and with the partial operation ⊕q defined for
x, y ∈ [0, q]E by

x⊕q y exists and x⊕q y = x⊕ y iff x⊕ y ∈ [0, q]E exists in E.

Then, as it follows from the previous, ([0, q]E ;⊕q, 0) is a generalized effect algebra in the natural
sense.

Let us define the operation ⊕ on Bp(H) by A ⊕ B = A + B (the usual sum of operators)
and let 0 denote the null operator. The next Proposition is a straightforward consequence of
Theorem 3.5 in [4].

Proposition 4. (Bp(H);⊕, 0) is a generalized effect algebra and ⊕ is a total operation.

A standard partial ordering ≤ on Bp(H) is defined in following way:

A ≤ B iff B −A is a positive operator.

Let us consider the set of Hilbert space effects

E(H) = {A ∈ Bp(H) | 0 ≤ A ≤ I}
where I is the identity operator. It is an effect algebra [2] (E(H);⊕I , 0, I) with the partial effect-
algebraic operation ⊕I being the restriction of the usual sum of operators to the set E(H) (for
A,B ∈ E(H), A ⊕I B = A + B is defined iff A + B ∈ E(H)). Consequently, it is a generalized
effect algebra ([0, I]Bp(H);⊕I , 0). (Of course, E(H) = [0, I]Bp(H).)

In the present paper, we show more examples of generalized effect algebras of bounded opera-
tors on Hilbert space. They are positive compact operators, positive Hilbert-Schmidt operators
and positive trace-class operators. All these are sub-generalized effect algebras of the generalized
effect algebra of bounded positive operators (with the ⊕ operation being the usual addition of
operators). Moreover, three nontrivial sub-generalized effect algebras of E(H) (regarded as a
generalized effect algebra) are shown. They are the sets of compact, Hilbert-Schmidt and trace-
class operators intersected with the set E(H). These results are stated also in a more general
form.

2. Results

Theorem 5. Let L be a linear subspace of B(H). Then the set Lp = L ∩ Bp(H) of positive
operators in L is a sub-generalized effect algebra of (Bp(H);⊕, 0) with respect to inherited ⊕-
operation. Hence it is a generalized effect algebra in its own right.

Corollary 6. The sets Comp(H),J2p(H) and J1p(H) are sub-generalized effect algebras of
(Bp(H);⊕, 0) with respect to inherited ⊕-operations. Hence they are generalized effect algebras
in their own right.

Let

ECom(H) = [0, I]Bp(H) ∩ Com(H),

EJ2(H) = [0, I]Bp(H) ∩ J2(H),

EJ1(H) = [0, I]Bp(H) ∩ J1(H).

All of them are special cases of

EL(H) = [0, I]Bp(H) ∩ L

where L is an arbitrary linear subspace of B(H).
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Theorem 7. Let L be a linear subspace of B(H). Then the set EL(H) is a sub-generalized effect
algebra of the generalized effect algebra E(H). In particular, each of the sets EJ1(H), EJ2(H),
ECom(H) form a (nontrivial) sub-generalized effect algebra of E(H). Moreover,

∅ 6= EJ1(H)⊂6= EJ2(H)⊂6= ECom(H)⊂6= E(H).

Remark. As J1(H) ⊆ J2(H) ⊆ Com(H) and it is well-known that I /∈ Com(H) for infinite-
dimensional H, we have I /∈ ECom(H), I /∈ EJ2(H), I /∈ EJ1(H), so the sets ECom(H), EJ2(H),
EJ1(H) are not sub-effect algebras of E(H) as I is the top element of the effect algebra E(H)
(see Definition 2 (i)).

As (Bp(H);⊕, 0) is a generalized effect algebra, for arbitrary A ∈ Bp(H), A 6= 0 the interval
[0, A]Bp(H) is an effect algebra which is a generalized effect algebra in the natural sense. A
special example is the choice A = I when we get the interval E(H) = [0, I]Bp(H). For L being
an arbitrary linear subspace of B(H) we have that EL(H) is a sub-generalized effect algebra of
E(H). The same argument shows that for A ∈ Bp(H), A 6= 0 being arbitrary, the set

EAL(H) = [0, A]Bp(H) ∩ L
is a sub-generalized effect algebra of the generalized effect algebra EA(H) = [0, A]Bp(H). If we
specify L to be one of the sets J1(H), J2(H), Com(H), we conclude that the sets

EAJ1(H) = [0, A]Bp(H) ∩ J1(H),(1)

EAJ2(H) = [0, A]Bp(H) ∩ J2(H)(2)

and
EACom(H) = [0, A]Bp(H) ∩ Com(H)

are sub-generalized effect algebras of EA(H). In the special case A = I, we have that these
sets (EAJ1(H) = EJ1(H), EAJ2(H) = EJ2(H), EACom(H) = ECom(H)) are mutually different and
different from E(H) = EI(H). There arises a natural question if this is satisfied also for general
A 6= I. The following Theorem shows that for arbitrary positive A ∈ J1(H) the answer is
negative.

Theorem 8. Let A ∈ Bp(H) ∩ J1(H). Then

EAJ1(H) = EAJ2(H) = EACom(H) = EA(H).
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