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ON A DYNAMIC CONTACT PROBLEM FOR A THERMOELASTIC
PLATE

I. BOCK AND J. JARUSEK

ABSTRACT. We deal with a dynamic contact problem for a thermoelastic plate vibrating against
a rigid obstacle. Dynamics is described by a hyperbolic variational inequality for deflections.
The plate is subjected to a perpendicular force and to a heat source. The parabolic equation
for the change of the temperature contains the time derivative of the deflection. We formulate
a weak solution of the system and verify its existence using the penalization method.

1. INTRODUCTION AND NOTATION

The dynamic contact problems are not frequently solved in the framework of variational
inequalities. For the elastic problems there is only a very limited amount of results available (cf.
[4] and there cited literature). We have solved these problems for geometrically nonlinear plates
and shells in [2] and [3] respectively. We concentrate here on the linear Kirchhoff model of the
plate subjected not only to the perpendicular forces but also to the temperature source. We shall
use the model derived in [5] under the assumption of a small change of temperature compared
with its reference temperature. In contrast to it the hyperbolic equation for the deflections is
substituted here by the variational inequality. We formulate and solve the penalized initial-
boundary value problem. Using the a priori estimates we achieve the sequence converging to a
weak solution of the original problem.

Let £2 C R? be a bounded convex polygonal or C? domain with a boundary I and I = (0,7)
a bounded time interval, Q = I x 2, S = I x I'. The unit outer normal vector is denoted by
n = (n1,n2), T = (—n2,n1) is the unit tangent vector. The constants £ > 0 and v € [0, 3) are
the Young modulus of elasticity and the Poisson ratio, respectively. We set
h? b Eh?

1277 120(1 — v2)’
where h is the the plate thickness and ¢ is the density of the material.

With respect to a heat conduction we introduce following constants. The specific heat of

the body ¢ > 0, the coefficients of thermal conductivity A > 0 . Further we set a > 0 the

coefficient of thermal expanding and T > 0 the reference temperature of the plate. We shall
use the abbreviations

a =

A k12 ko?TE
" pc> ’ pz e A1 —2v) ”
We shall employ the following notations for space and time derivatives are
0 0? , . Ov . 0%
%Ea&@Easrvai:axm22172;7}:&7”:@’1}:Q'—>R'

For a domain or an appropriate manifold M and p > 1 we define the Banach space L,(M) of real
valued measurable functions with integrable power of p. The space Lo (M) is the Banach space
of essentially bounded functions. By H¥(M) C Ly(M) with k > 0 we denote the Sobolev (for
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a noninteger k the Sobolev-Slobodetskii) spaces of functions defined on M. For the anisotropic
spaces H* (M), k = (ky1, ko) € R? , ky is related with the time while ks with the space variables

provided M is a time-space domain.

By H'(£2) we denote the subspace of functions from H'(£2) with zero traces on I". The dual
to H'(£2) is denoted by H~!(£2) with (-,-) the duality pairing between H~'(£2) and H'(£2).

2. FORMULATION OF THE PROBLEM

A triple {u, g,0} expresses an unknown deflection of the middle plane, an unknown contact
force between the plate and the rigid obstacle and an unknown change of the temperature.
Classical formulation for the plate simply supported, with the zero change of the temperature
on the boundary and acting under a perpendicular load f and the heat source p is composed

of the system
it — aAii + b(A%u+ BELAQ) = f + g,

(1) u>0, g>0, ug=0, on Q,
0 — kAO+db —eNii=p

the boundary conditions

(2) u=w, § = M(u,0) =0, u>0, g>0, ug=0 on S,

M(u,0) = b(Au+ (1 — v)(2n1n2012u — ndu — n3ou) + 1E£0)
and the initial conditions
(3) u(0, ) = up, u(0,-) = v, 0(0,) =6y on 2.
For u,y € Lo(I; H?(2)) we define the following bilinear form
(4)  A:(u,y) = b(011udi1y + O2udsny + v(011udagy + O22udi1y) + 2(1 — v)012ud12y)

almost everywhere on () and introduce for a fixed function w : {2 — R a shifted cone

(5) H ={y €w+ Loo(I;V); § € Loo(I; H(R2)), y > 0 on Q},
where
(6) V = H*(2)n H'(0).

Then the variational formulation of (1-3) has the following form:

Problem &. Look for {u,0} € " x (Loo(I; L2(£2)) N La(I; HY(£2))) such that
w(T,-) € HY(£2), 0 € Lo(I; H-1(92)), the relations

/Q(A(u,y—u)—u(y—a)—aViL-V(y—u)—bl‘zH’VH-V(y—u)) dz dt
(7) +/ (u(y —u)+ Vi -V(y —u)(T,)dx
9]

> /Q (vo(y(0,+) — ug) + Vg - V(y(0,-) —vp)) dz + /Q fly —u)dxdt,

(8) /(9,z>dt+/ (dfz + KkVO-Vz+eVu-Vz) dxdt:/pzdmdt
I Q Q

hold for any {y,z} € H x Ly(I; HX(2)) and the initial conditions (3) are fulfilled (for  in

certain generalized sense).



ON A DYNAMIC CONTACT PROBLEM FOR A THERMOELASTIC PLATE 9

Problem & will be solved under following assumptions
w e H*(2), w> wy >0 on £2; w|p = Ug|r

©) up € H2(£2), ug > 0 on £2; vy € HY(2), 6y € Ly(£2), {f.p} € Ly(Q)?.

3. PENALIZED PROBLEM

For any n > 0 we formulate the penalized problem

i — aAii+ (A% + HEA0) = f+n7tu,

(10) . on Q,
0 —kAO+di —eAu=p

(11) u=w, 0 =M(u,0) =0on S

and the initial conditions (3) hold.

It has the following variational formulation.

Problem #,,. Look for {u,0} € (w+Loo(I;V))XLoo(I; HY(02)) such that {i, 0} € Loo(I; H'(£2))x
Lo(I; (H7Y(02)), ii € La(Q), the equations

(12) / (i(y — aly) + A(u,y) — bHT”VG Vy—ntuy) dedt = / fydxdt,
Q Q

Q
hold for any {y,z} € Ly(I; V) x Lo(I; HY(£2)) and the initial conditions (3) remain.

(13) /(9, z)dt + / (d0z+ kKVO -Vz +eVi-Vz) dedt = / pzdxdt
I Q

We shall verify the existence of a solution to the penalized problem.
Theorem 3.1. For every n > 0 there exists a solution {u, 0} of the problem 2.

Proof. Let us denote by {v; € V; i € N} a basis of V orthonormal with respect to the inner
product

(u,v)q = / (uwv 4 aVu - Vo) dz, u, v e H' ()
2

and by {w; € H'(); i € N} an orthonormal in Ly(£2) basis of H(£2).
We construct the Galerkin approximation {u,,, 8} of a solution in a form

wn(t) = w0+ Y 000y, O(t) = 3 Bi(0)wss fay(1), (1)} €RZ, j=1,..om,
j=1 j=1

(14) / (umvl + a Vi, - Vo, + A(um, v;) — bH%’V@m -Vu; — n_lu;lvi) dx = / fv;dz,
Q 0

(15) / (GmwZ 4+ kVO,, - Vw; + db,w; + eV, - Vwi) dx = / pw;dxr, i =1,...,m,
0 7}

U (0) = Upm, Uom — up In H2(Q);um(0) = Vom, Vom — Vg i fll(Q);

(16) :
gm(O) = Qom, 90m — 90 mn LQ(Q)

The initial value problem (14)-(16) fulfils the conditions for the local existence of solution
{tm,0m} on some interval I, = [0,t,,], 0 < t,, <T.
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Let us set v = b1, To derive the a priori estimates for solutions of (14)-(16) we multiply
the equations (14) by &;(t) and (15) by v5;(t) respectively, add with respect to i and integrate
on [0,t,,]. We obtain for @, := I,, X §2

1
/ [28t (42, + a|Vim|* + A(um, um) + 702, + n_l(u,_n)2) + (K| VO |? + do2)| dxdt

:/ (Fitm + 7 p O da dt

which leads to the estimate

an ”um”ioo(j;ﬁl(g)) + ”umH%oo(I;V) + Hem”%w(l;Lg(Q)) + HQmHiQ(I;gl(Q))
07 w17 (15s(2)) < C1 = Ci(f, p, o, vo, 6o).-

The prolongation to the whole interval I is due to the original estimate for I,,, not depending
on m.
From the equation (15) we obtain straightforwardly the estimate

(18) HH.mHLQ(];Wm*) < C2(fapa UOaUano)a m e Na

where W,,, € H'(£2) is the linear hull of {w; }" ;.
From (14) we obtain

(19) ||’LLm - aAﬂm”%g([;Vm*) < 03(77)a m €N,

where V,,, € H?(£2) is the linear hull of {v;}™;.

We proceed with the convergence of the Galerkin approximation. Applying the estimate (17),
the compact imbedding theorem and interpolation in Sobolev spaces we obtain subsequences of
{um}, {0m} (denoted again by {u,,}, {0n}), and functions u, § with the convergences

Uy —F u in Loo(I; V),

U —* 1 in Loo(I; H'(£2)),

U —> U in C(I; H'™5(2)) N Loo(I; H>75(§2)) for any € > 0,
O —" 0 in Loo(I; Lo(£2)) N Lo(1; H' (£2)).

The estimates (18), (19) imply the convergence

(21) 0 — 0 in Ly(I; W),

(22) (U, — aDyy) = (e — ai)  in Lo(I;Y™),

where W = U,,cy Win, W = HY(2) and Y = U, ,cp Vin, ¥ = V.
The convergences (21), (22) imply

(20)

(23> HémHLQ(I;Hfl(Q)) < CQ(f7p7 U, Vo, 90)7 me N7
(24) O, — 6 in Ly(I; H1(£2)),
Moreover we obtain from (25) a better acceleration estimate

(26) il 22(Q) = Ca(n)

and the convergence

(27) Uy, — U in Lo(Q)

for a chosen subsequence denoted again by {i,,}. We have applied also the properties of the
elliptic operator v — v — alAwv, v € V; in the same way as in [1] setting

/ u'mfdxdtl <c¢ sup
Q

liimllLo) =  sup
vl Ly r;vy <1

£l Ly (@) <1

/ U (v — aAv) dx dt| < Cy(n).
Q
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Let p € N, y, = > di(t)viy 2z = D, di(Wwi, ¢ € 2(0,T), i = 1,...,u. We have for
arbitrary t € I the relations

/Q (Um(yu - aAyu) + A(Uma yu) - b%vem : V?/u - n_lu;zyu)) dr = /Q fyu dx,
/ (émzu + kVOy, - Vz, + dOpz, + eV, - Vzu) dr = / pzudr, Vm > p, t € 1.
(9} (9}

The convergences (20), (24), (27) imply that functions u, 6 fulfil

(28) /Q (u(yu —aly,) + A(u, yu) — bH'T”VQ -Vy, — nflu*y#)) dox = /Q Jyudx,

(29) /Q (ézu + kVO - V2, + dfz, + eVii- Vz,) do = /szu dx.

Functions {y,}, {#,} form a dense subsets of the spaces La(I; V') and Lo(I; H'(£2)) respectively.
Then we obtain from (28), (29) the relations (12), (13). The initial conditions (3) follow due to
(16) and the proof of the existence of a solution is complete.

4. SOLVABILITY OF THE ORIGINAL PROBLEM

The estimates (17), (23) imply the following 7 independent estimates :

(30) HunHioo(I,Hl(Q)) + ||u77||%oo(l;\/) + HQWH%OO(I;LQ(Q)) + ||977||2L2(I,H1(Q)) + HéUH%Q(I;H_l(Q))

+ 0 g 17 (1o < € = e(fp, uo, ur, o).

for a solution {u,,0,}, n > 0 of the penalized problem.

The acceleration term i, does not appear in (30). It is then suitable to transform the
penalized relation (12) using the method by parts with respect to t and the Gauss formula with
respect to . We obtain the system

/Q (A(uy, y) — iy — aVuiy, - Vi — b2V, - Vy) dzdt + /Q (tiny + aViiy - Vy) (T, ) dx
(31)

- / (voy(0, ) + aVvo - Vy(0,-)) da + / (f + 0" Yy da dt,
0 Q

(32) /Q (02 + KV0, - Vz + dbyz + eV, - Vz) dov dt = /pr dz dt

holding for any {y, z} € Lo(I; V) x Ly(I; H'(£2)) with ¢ € Lo(I; H(£2)).
We derive an n—independent estimate of the penalty term n_lu; . Applying the assumptions
(9) and the definition of u,” we obtain

0< wo/ n_lu; dr dt < / n_lu;w drdt < / n_lu;(w — uy) dzx dt.
Q Q Q

After inserting y = w — u, in (31) we achieve using the estimates (30) the crucial estimate

(33) I~y [y (@) < C = C(f, p,uo, ua, 0).
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Hence there exists a sequence 7y, \, 0, functions {u, 6} and a functional g such that for {ug, nx} =
{uy,, 0y, } the following convergences hold:

up =" u in Loo(I; V),
gy —* 4 in Loo(I; HY(£2)),
W (T,) = a(T,)  in H'(Q),
(34) U — u in C(I; H'™5(2)) N Loo (I; H*75(R2)) for any € > 0,
Nt =g in (Loo(Q))",
Op =* 0 in Loo(I; La(£2)) N Ly(I; H'(R2)),
0, — 6 in Ly(I; H1(£2))
The convergences above prove the relation (8). Together with (31) they imply

/ (A(u,y) — 4y — aVi - Vi — bIEEVO - Vy) dodt + / (uy + aVi - Vy) (T, ") dz
Q )

- / (v0y(0, ) + aVo - Vy(0, ) dz + / fydzdt +{{g,y))
0 Q

for any y € Lo(I;V) with § € Lo(I; H'(£2)), where ((-,-)) is the duality pairing between

(Loo(@))" and Leo(Q).
We have the orthogonality

((g,u)) =0

due to the relations ((g,u)) = limy_, 771:1”“1;“%2(@) =0.

The relations ((g,y)) = limg_ oo fQ nk_lu;y dx dt > 0 for any y € £ imply together with the

orthogonality proved above that the variational inequality (7) is fulfilled and we have verified
the existence theorem:

Theorem 4.1. Let the assumptions (9) hold. Then there exists a solution of Problem &.
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