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‘H complex Hilbert space, dim H = N,
L(H) bounded, linear operators on H
M C 'H subspace: closed linear manifold

non-trivial if {0} # M # H

invariant for T' € L(H) if TM C M
T € L(H) is given

Lat T' invariant subspace lattice of T'
{T} ={C € L(H) : CT =TC} commutant of T

Hlat T =nN{Lat C: C € {T}'}

hyperinvariant subspace lattice of T

(ISP) Does every T € L(H) have a non-trivial invariant sub-
space?
(HSP) Does every T € L(H) \ CI have a non-trivial hyperin-

variant subspace?



H? Hardy space of analytic functions on D

S € L(H?), Sh = xh, where x(z) =2 Vz €D
unilateral shift; cyclic: V2 ,S™1 = H?

Lat S =Hlat S = {¢9H?:9 € H* is inner }  (Beurling)
¥ is inner: [J(()| =1 for a.e. ( € T.

Assume T € L(H) is a contraction: ||T]| < 1.
(X,V) is a unitary asymptote of T":
(i) V € L(K) is unitary,
(i) X € L(H,K), | X|| <1, XT =VX,
(iii)) V(X' V"), Y € LK, K, ||[Y] <1,
YV =V'Y, X' =YX.
Assume T € Cqp:
(i) lim, oo ||[T™x|| >0 VO #z€H,
(ii)) lim, oo [|[T*"x|| =0 Va € H.
— X is injective, and
the unitary V is absolutely continuous (a.c.)
(Alw)=0= F(w)=0 YwCT)
A linear measure on C, coinciding with the Lebesgue measure

on T and R



Assume V is cyclic: Jy € K, VoL ,V"y =K
(<= dJuek, v2__ V"u=K)
V = M, can be assumed
Here o C T Lebesgue measurable, L?(a) = xoL*(T),
M, € £(L*(a)), Muf = xJ.

w(T) := « is the residual set of T

M, Lebesgue measurable subsets of T
£ € M, is quasianalytic for T
VO#heH, (Xh)(() #0 forae. (e€p.
b:=sup{A(f) : B quasianalytic for T}
{Bntnz1, A(Bn) — b
w(T) := U,fB, is the largest quasianalytic set for T

quasianalytic spectral set of T

(T C w(T)

m(T) # w(T) (A(w(T)\ 7(T)) >0) = Hlat T is non-trivial

T is quasianalytic if w(T) = w(T).



Lo(H) consists of the operators T' € L(H) satisfying:
(i) T is a Cyp-contraction,
(ii)) V is cyclic,

(iii) T is quasianalytic.

L1(H) consists of the operators T' € Ly(H) satisfying also:
(iv) w(T)=T.

~

L(H) consists of the operators T' € L(H) satisfying:
(i) T is a contraction,
(i) dz € H, lim, |[|[T"z| > 0,

(iii) V is cyclic.

L1(H) C Lo(H) C L(H)



Positive answer for (HSP) in £(H) =

pos. answer for (ISP) for every contraction T' € L(H),

where T or T is non-stable

(Fv eH, lim, ||[T"v| >0 or lim, [|[T*"v| > 0)
(HSP) in £(H) is equivalent to (HSP) in £o(H). (LK 2001)
(ISP) is open in Ly(H)

(ISP) has positive answer in L1 (H):
VT € Li(H), Ve >0, VLat.T = H, where
M e Lat. T if 3Q € LM, H?), |QIQ ] <1+¢
and Q(T|M)=5Q. (LK 2007)
(Note S € L1(H?))

T € Lo(H), m(T) contains an arc
— 3T € L1(H), {T} = {TV, Hlat T\ = Hlat T
(LK 2010)



Theorem 1. VT € Lo(H), 3Ty € L1(H), TTy =T T.

{T}" and {T1}" are abelian —>
(T = {TV, Hlat T = Hlat T.

Corollary 2.
(HSP) in Lo(H) is equivalent to (HSP) in L1(H).
We want to find 177 as Th = f(7T).

b H*® — L(H), f— f(T) Sz.-Nagy—Foias functional
calculus for an a.c. contraction T' € L(H):

contractive, weak-* continuous, algebra-homomorphism,

¢p(1) =1 and Pp(x)="1T.

Or(H®) C{TY}



Ao, = A|M, Lebesgue measure on T

f € H* partially inner function:
(1) [0 <1 =1flloc;
(ii)) A(2(f)) > 0, where
Q(f) = {C €T+ |£() = lime_1_o F(r¢)| = 1}.
Q C Q(f) measurable
Mo —[0,27], Mw) = Ao(fHw)NQ) a.c. wr.t. A,
pe-ran(f]Q2) == {C € T : (d\/dA.)(C) > 0}

Spectral Mapping Theorem (LK 2010). If T € L(H) is a
quasianalytic a.c. contraction, and f € H is a partially inner

function, then f(T) is also a quasianalytic contraction, and

m(f(T)) = pe-ran(f|n (T, f)), where 7(T, f) = =(T) N Q(f).

f is a reqular partially inner function, if
fIQUf) is weakly a.c.:
w CQf), Aw) =0 = A(f(w)) = 0.
— peran(f2) = f(Q) VQCO(f).



For T € Lo(H) we want to guarantee f(T) € Lo(H).

Cyclicity should be preserved = univalent functions

A disk algebra: f:ID — C analytic, and
f can be continuously extended to D™

Ay ={f € A: f|D is univalent}

Proposition 3. f € Ay partially inner.

(a) M={weT:|fHw)|.>1} is countable
—> f|Q(f) is almost injective.

(b) V9 CQ(f), peran(fI) = £(9)

<~ fIQ is weakly a.c..



Theorem 4. Set T € Lo(H), and
f € A1 regular partially inner, with A(w(T, f)) > 0.
Then Ty = f(T) € Lo(H) and w(To) = f(n(T, f)).

TeLy(H) = An(T)) >0 =
1 K C n(T) compact, A(K) >0

Question. Can we find a reqular partially inner function

f € Ay such that Q(f) =K and f(K)=T?

We are looking for an appropriate f in the class of starlike

functions.



Given
(1) v positive Borel measure on [0, 27|,
v([0,27]) =27 and v({t}) =0 Vte€|0,2n],
(2) ke C\{0}.

Consider

f(z) = kzexp [—% fo% log(1 —e 2)dv(t)| (z2€D).
(Vze C\R_, logz:=1In|z| +iargz, where argz € (—m, 7))
f is analytic on D, f(0) =0, f'(0) =&

Vz=re®eD:
21 Re(zf'(z fo% (s —t)dv(t) >0
—> [ 1is starlike: f( ) =0, f univalent, and
f(D) is starlike (w € f(D) = [0,w] C f(D))
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B(t) :=v(|0,t]) (t € [0,2x]) distribution function of v

continuous, increasing, ((0) =0, B(27) = 2.

K = Kg exp [# 0% B(t) dt — iﬂ] ,  where kg € (0,00)

Then for every s € [0, 27| we have:

o f(re”)
210 [f(re)

= explifB(s)].

©:[0,27] = T, p(t) =%
pu(w) = v(p~t(w))/(2r) probability Borel measure on T,

(no atoms)
For every z € D we have:

| f(2)| = Kolz| exp|—2p,(2)],

where
pu(2) = [plog|z — w|du(w) is the potential of p.

(p,, is subharmonic on C, harmonic on C\ supp u)
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Given K C T compact, 0 < A(K) < 27.
P(K) probability Borel measures, with support in K
VneP(K), I(n) = [ py(2)dn(z) energy of n
M(K) =sup{l(n) :n € P(K)} €R
N peP(K), I(p) =M(K) : equilibrium measure of K
(no atoms)

cap(K) = exp[I(p)] > 0 capacity of K

Frostman’s Theorem:
(i) pu(z) = I(p) V2ze€eC,
(ii) pu(2) =I(p) Vze K\ F, where
F C K is F, with cap(F') = 0,
(iii) pu(2) > I(n) VzeC\ K.

Continuity Principle: V(, € K,

pu|K is continuous at (; <= p, is continuous at (p.
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Wiener’s Criterion: V(y € K, TFAE
(1) pu(Co) = I(n),

(i) >°07, log(Z/CZp(Kn)) = 0o, where

K,={CeK:y" <|[C—Cl <y '} (v€(0,1)).

Assume C. \ K is a regular domain: the previous conditions
hold for every (, € K.

—> p,, is continuous on C

Define
v(w) =2mu(p(w)) (wC|0,27]), and
B(t) = v([0,2x]) (t € ]0,2x]).
Choose

k = (cap(K))? exp [# o B(t)dt— iﬂ].

Consider

f(z) = kzexp [—% fo% log(1 — e~ %2) dl/(t)} (z € D).
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Then fe€ Ay and [f(2)|]=1Vze K.

Suppose the open arc @ is a component of T \ K.

(@ = {Git T <t<ia <ty —|—27T}7 (1 = eitl’ Gy = e’itz)

w(GiG) =0 =
B(s) = 2mp(lei®) = B(tr) = B(tz) Vs € (t1,1) =
f(C1G) = {pw :r < p <1}, where
w= f(C1) = f(¢2), r€(0,1) =
QO(f) = K and f(K)=T.

We know that
f(e*®) = explif(s)], whenever e'* € K (s € [1,27]).
Hence

fIK is weakly a.c. <= [ isa.c. <= pu isa.c.
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Proposition 5. K C T compact, A(K) > 0.
TFAE

(a) For the equilibrium measure p of K we have
(ii)) p is a.c..
(b) There exists a regular, partially inner, starlike function

f e Ay such that
(i) Qf) =K,
(i) f(K) =T.
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Cy 1is the system of compact sets K on C such that
(i) 0 < A(K) < o0,
(i) Co \ K is a regular domain,

(iii) the equilibrium measure p of K is a.c. (w.r.t. A).

Theorem 6. VK CT compact, A(K) >0, V0 < e < A(K),
1 K4 EC_|_, K; C K and A(K\Kl) < E.

The proof of Theorem 6 is reduced to:

Theorem 7. VK CR compact, A(K) >0, V0 <e < A(K),
1 K4 EC_|_, Ki Cc K and A(K\K1> < E.
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Main ideas in the proof of Theorem T7:

For N e N and j € Z:
Ing=[727N, (G +1)27V].

For N e N and ¢ > 0:
E(N,e)=U{IN;:7€Z, A(KNIN, ;) > (1—¢)A(INn,)}

Lebesgue’s Density Theorem —
Ve>0, limy_..A(KNE(N,e))=A(K).

Given ¢ € (0,1/4), e, =¢/2™ (n € N).

Define N,, (n € N) by:
A(K\E(N1,€1>> < €15 Nn_|_1 > Nn,
A((K N E(Nnyen)) \ E(Npt1,6n41)) < €ns1/27m.
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Consider
FE, = ﬂzzlE(Nk,5k> = ;ll[an,sabn,s]a

where an,1 <bp1 <ana<bpo<...<anr, <bnr,.

The equilibrium measure pu, of E, isa.c. (w.r.t. A),

and for the density function ¢, = du,/dA we have:

n—1
n

I V= ansllE = D]

where 7, s € (bn,s,Gn s+1) is the unique solution of

An,s+1 r”_l t _
/ T HS:l ( Tn,S) dt:O (821,...,74”_1).
R | N

(t € En),

Upper and lower estimates are given for g, (t).

18



Then
K; :=N,E, is a compact subset of K, A(K7) > 0.

Wiener’s Criterion = C4 \ K is a regular domain.

The equilibrium measure p of K is a.c. (w.r.t. A):
Suppose A(w) =0 for w C Kj; letw = K7 \ w.
For Iy, ; C E, we have
AW NIy, ;) =AMK1NIN, ;) > (1—2e,)A(IN, ;),

and so

ww NN, 5) > pn(W NN, ) > (1 —cven)pn(In, ;)

Summing up for j:

u(W') = e N Ey) > (1 - ¢ Em)a(En) = 1 — c1/2n.

en — 0 = pw)=1 = pw)=0.
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