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Reflexivity

e 2 complex Banach space,
e B(2") bounded linear operators on 2.

o Reflexive coverof 0 # M C B(Z") is

Ref(M) = (| {TeB(Z):; Txe Mx};
XeEX

e Ref(M) C B(Z) SOT-closed subset,
o M C Ref(M).
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M with structure  2%2%, Ref(M) with similar structure:

(a) M additive = Ref(M) additive;
by LCB(Z) and LMCM = LRef(M)C Ref(M);
e M semigroup = Ref(M) semigroup,
e M linearspace = Ref(M) linear space,
e M algebra = Ref(M) algebra;
(c) M convex = Ref(M) convex.
Proof.
(b) AeL, TeRef(M), >0, xe€Z;
= 3ISeM: |[Tx-S8x[|<e = |ATx—ASx| < ||Ale
= AT € Ref(L M) C Ref(M). O
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Definition
M s reflexive if Ref(M) = M.

Example
M={My,.... M} finte = Mx=Mx (Vxe2Z)
T eRefM), xeZ = IMeM: Tx=Mx

n
= 2 =Uker(T-M)

=

—_



Numcucﬂ range

Hyporrcﬂcxwvny

Reflexivity
coeco 00000

Definition
M s reflexive if Ref(M) = M.

Example
M={My,.... M} finte = Mx=Mx (Vxe2Z)

T eRefM), xeZ = IMeM: Tx=Mx

n
= 2= U r(T-M) = TeM.
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—a———~S0T
e SeB(Z): Orb(S):={S" n>0} " ;
o S s orbit-reflexive if Orb(S) is reflexive
)
T(Orb(S)x) COrb(S)x (Vxe Z) = T eOrb(S);
e Hadwin, Nordgren, Radjavi, Rosenthal (1986):

Many operators are orbit-reflexive: normal, compact,

algebraic, etc.
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Example
e SEcB(2): Om(S):={8m n>01"";
o S s orbit-reflexive if Orb(S) is reflexive
)
T(Orb(S)x) COrb(S)x (Vxe Z) = T eOrb(S);
e Hadwin, Nordgren, Radjavi, Rosenthal (1986):

Many operators are orbit-reflexive: normal, compact,
algebraic, etc.

e Grivaux, Roginskaya (2008); Miller, VrSovsky (2009):
There exist operators on a Hilbert space which are not

orbit-reflexive.
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Example
e 7 separable Hilbert space;
P() C B(s) all orthogonal projections.
o LCP(s) is operator reflexive if L = RefLl.

e Caution! The definition for reflexivity:

L CP(s) is areflexive lattice if £ = LatAlg L.

Shulman, Todorov (2005):

L reflexive = L operator reflexive.
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Example

e 7 separable Hilbert space;
P() C B(s) all orthogonal projections.
o LCP(s) is operator reflexive if L = RefLl.
e Caution! The definition for reflexivity:
L CP(s) is areflexive lattice if £ = LatAlg L.
Shulman, Todorov (2005):
L reflexive = L operator reflexive.
e Klis-Garlicka, Muller (2008):

Not every subspace lattice is operator hyperreflexive.
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Hyperreflexivity

e D FMCB(Z), TeB(Z)
e d(T,M) = inf |T—Mj= inf sup || Tx — Mx||
MeM MeM xez
e oT = inf || Tx — Mx||;
oT, M) = sup inf |[Tx— Mx|

xe X
[Ix[I=1
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Hyperreflexivity

e 0 AMCB(Z), TeB(Z)
e d(T,M)= inf |[T—M|= inf sup ||Tx — Mx]||
MeM MeM xez

a(T, M) = sup |nf || Tx — Mx||;
it e

o e M CB(s#) algebra:
a(T, M) =sup{||(|— P)TP||; P € Lat M}.
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Hyperreflexivity

e 0 AMCB(Z), TeB(Z)
e d(T,M)= inf |[T—M|= inf sup ||Tx — Mx]||
MeM MeM xez

a(T, M) = sup |nf || Tx — Mx||;
it e

o e M CB(s#) algebra:
a(T, M) =sup{||(|— P)TP||; P € Lat M}.
(T, M) <d(T, M);
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Hyperreflexivity

DAEMCB(Z), TeB(Z)
e d(T,M)= inf |[T—M|= inf sup ||Tx — Mx]||
MeM MeM xez

. = inf || Tx — Mx||;
oT, M) = sup inf | Tx— Mx]|
[Ix]|=1

o e M CB(s#) algebra:
a(T, M) =sup{||(|— P)TP||; P € Lat M}.
a(T,M) <d(T, M);
d(T,M)=0 << TeM and
a(T,M)=0 <« T € Ref(M).
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k(M) =inf ¢ hyperreflexivity constant.
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Definition
M is hyperreflexive if ¢ > 1:

AT, M)<co(T,M) (VT eBZ)).
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o Hyperreflexive sets are reflexive;

e M linearspace =- definitions coincide:
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Definition
M is hyperreflexive if 3¢ > 1:
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k(M) =inf ¢ hyperreflexivity constant.
o Hyperreflexive sets are reflexive;

e M linearspace =- definitions coincide:
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Definition
M is hyperreflexive if 3¢ > 1:

d(T,M) <cao(T, M) (VT eB(Z)).
k(M) =inf ¢ hyperreflexivity constant.
o Hyperreflexive sets are reflexive;
e M linearspace =- definitions coincide:

there exist hyperreflexive sets of operators and

there exist reflexive non-hyperreflexive sets of operators.
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K CB(Z) closed unit ball;

d(T,K)=o(T,K)=||T| -1 (TeB(2)\K)
= k(K)=1.
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Which sets of operators are hyperreflexive?

e s every finite set hyperreflexive?
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Example
K CB(Z) closed unit ball;

d(T,K)=o(T,K)=||T| -1 (TeB(2)\K)
= k(K)=1.

Questions
Which sets of operators are hyperreflexive?

e s every finite set hyperreflexive?
e Which operators S are orbit hyperreflexive

ie., Orb(S)={S", n> O}WOT hyperreflexive?
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Example
K CB(Z) closed unit ball;

d(T,K)=o(T,K)=||T| -1 (TeB(2)\K)
= k(K)=1.

Questions
Which sets of operators are hyperreflexive?

e s every finite set hyperreflexive?
e Which operators S are orbit hyperreflexive
ie., Orb(S) = mwor hyperreflexive ?
e For L CP(s), subspace lattice
hyperreflexivity ~ <= operator hyperreflexivity:
d(P,L) <ca(P,¥) (YVPeP(#))?



Reflexivity Hyperreflexivity Numerical range
00000 00080 000000

Example

e Aut(B(2")) group of automorphisms of B(2);



Reflexivity Hyperreflexivity Numerical range
00000 [e]e]e] lo} 000000

Example

e Aut(B(2")) group of automorphisms of B(2);
o Eidelheit (1940):
peAut(B(2)) = 3JAeB(Z):
o(T) = ATA™! (TeB(Z)).



Reflexivity Hyperreflexivity Numerical range
00000 00080 000000

Example
e Aut(B(2")) group of automorphisms of B(2);
e Eidelheit (1940):
peAut(B(2)) = 3JAeB(Z):
o(T) = ATA™' (T € B(2)).
e Larson, Sourour (1990):
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Example
e Aut(B(2")) group of automorphisms of B(2);
« Eidelheit (1940):
peAut(B(2)) = 3JAeB(Z):
o(T) = ATA™' (T € B(2)).
e Larson, Sourour (1990):
e dm(Z)<o0 =
Ref(Aut(B(27))) = Aut(B(.2")) U {anti-automorphisms};
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Example
e Aut(B(2")) group of automorphisms of B(2);
« Eidelheit (1940):
peAut(B(2)) = 3JAeB(Z):
o(T) = ATA™! (TeB(Z)).

e Larson, Sourour (1990):

e dm(Z)<o0 =

Ref(Aut(B(27))) = Aut(B(.2")) U {anti-automorphisms};
e dm(Z)=c0 =
Ref(Aut(B(27))) NSur(B(2")) = Aut(B(2)).




Reflexivity Hyperreflexivity
00000 0000e

Example (continued)

e Molnar (1997):

2 separable Hilbert space,

dim () = oo

Numerical range
000000



Reflexivity Hyperreflexivity Numerical range
00000 0000e 000000

Example (continued)
e Molnar (1997):
2 separable Hilbert space, dim (/) = oo

o Ref(Aut(B(£))) = Aut(B(£)), i.e., reflexive;
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Example (continued)
e Molnar (1997):
2 separable Hilbert space, dim (/) = oo

o Ref(Aut(B(£))) = Aut(B(£)), i.e., reflexive;

e group of surjective isometries of B(#) is reflexive.
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Example (continued)
e Molnar (1997):
2 separable Hilbert space, dim (/) = oo
o Ref(Aut(B(£))) = Aut(B(£)), i.e., reflexive;
e group of surjective isometries of B(#) is reflexive.
e Is Aut(B(2)) reflexive?
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Example (continued)
e Molnar (1997):
2 separable Hilbert space, dim (/) = oo
o Ref(Aut(B(£))) = Aut(B(£)), i.e., reflexive;
e group of surjective isometries of B(#) is reflexive.
e Is Aut(B(2)) reflexive?
Is Aut(B(#)) hyperreflexive?

Is the group of surjective isometries of  B(¢)
hyperreflexive?
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e N(2)={(x,) e Z x 2% (x.,6=1=|x]=l]};
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Numerical range

e MN(2)={(x,) e 2 x 2" (x,&=1=|x||=|<l};
o N(Z)={(x,x); xe, ||x|=1};
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e MN(2)={(x,) e 2 x 2" (x,&=1=|x||=|<l};
o N(Z)={(x,x); xe, ||x|=1};

e numerical range of T € B(Z") is

W(T):{<TX7£>1 (x,{)el’l(%)}.
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Numerical range

e MN(2)={(x,) e 2 x 2" (x,&=1=|x||=|<l};
o N(Z)={(x,x); xe, ||x|=1};

e numerical range of T € B(Z") is

W(T):{<TX7’S>1 (x,{)el’l(%)}.

o Toeplitz-Hausdoff Theorem: W(T) is convex;
e o(T)SW(T)C{zeC |zl <IITI};
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Numerical range

e MN(2)={(x,) e 2 x 2" (x,&=1=|x||=|<l};
o N(Z)={(x,x); xe, ||x|=1};

e numerical range of T € B(Z") is

W(T):{<TX7’S>1 (x,{)el’l(%)}.

o Toeplitz-Hausdoff Theorem: W(T) is convex;
e o(T)SW(T)C{zeC |zl <IITI};
e compactif dim(2") < oo;
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Numerical range

e MN(2)={(x,) e 2 x 2" (x,&=1=|x||=|<l};
o N(Z)={(x,x); xe, ||x|=1};

e numerical range of T € B(Z") is

W(T):{<TX7’S>1 (x,{)el’l(%)}.

Toeplitz-Hausdoff Theorem: W(T) is convex;
a(T) S W(T) c{zeC |zl <[ TI};

compact if dim(2") < oo;

W(aT + p) =aW(T) + .
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KCC: Myg={TeBZ) W(T)CK}

(@ o Mk=0 <= K=0,
o Mk ={\} = K={)\},
« Mg=B(2) — K=C;
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(@ o Mk=0 <= K=0,
o Mk ={\} = K={)\},
« Mg=B(2) — K=C;

(b) K closed = My WOT-closed;



Numerical range
Oe0000

KCC: Myg={TeBZ) W(T)CK}

@) o Mx=0 < K=0,
o Mg=1{\} &= K=\,
o« Mk =B(2) < K=C;

(b) K closed = My WOT-closed;

(c) K convex = Mg convex;
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@) o Mx=0 < K=0,
o Mg=1{\} &= K=\,
o« Mk =B(2) < K=C;

(b) K closed = My WOT-closed;
(c) K convex = Mg convex;

(d) K additve = My additive;
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Mk =A{T eB(Z), W(T)CK}

L4 MKZ(Z) — K:Q),
o My ={\} <= K={\},
o Mk=B(Z) < K=¢C,

closed = My WOT-closed;

convex = My convex;

additive = Mg additive;
CC: ANKCK = MMk C Mg,
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KCC: Myg={TeBZ) W(T)CK}

@) o Mx=0 < K=0,
o Mg=1{\} &= K=\,
o« Mk =B(2) < K=C;

(b) K closed = My WOT-closed;
(c) K convex = Mg convex;
(d) K additive = Mg additive;
e) N\CC: NKCK = AMgC Mg,

e KlneinC = My isreal subspace of B(Z"),



Numerical range
Oe0000

KCC: Myg={TeBZ) W(T)CK}

@) o Mx=0 < K=0,
o Mg=1{\} &= K=\,
o« Mk =B(2) < K=C;

closed = My, WOT-closed;

b) K
K convex = Mg convex;
K

(b)

(c)

(d) additve = My additive;
) ACC: AKCK = AMyC Mg,

e KlneinC = My isreal subspace of B(Z"),

e Mg Hermitian operators on 2.



Reflexivit Hyperreflexivit Numerical range
y yp y
00000 00000 [e]e] lele]e]

Proposition
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Proposition
f#KCC closed = Mg reflexive.

Proof.
T € Ref(Mk)
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Proposition
f#KCC closed = Mg reflexive.

Proof.
T € Ref(Mk)

(x,£) e NMN(Z), e>0 arbitrary
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Proposition
f#KCC closed = Mg reflexive.

Proof.
T € Ref(Mk)

(x,£) e NMN(Z), e>0 arbitrary
= IMy.e Mg: ||Tx— M x| <e



Proposition
f#KCC closed = Mg reflexive.

Proof.
T € Ref(Mk)

(x,§) eN(Z), >0 arbitrary
= IMy.e Mg: ||Tx— M x| <e
= [T, 8) = (MyeX, )] < [[Tx = MyeX| <

Numerical range
[e]e] lele]e]
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Proposition
f#KCC closed = Mg reflexive.

Proof.
T € Ref(Mk)

(x,8) e N(Z), >0 arbitrary

= IMy.e Mg: ||Tx— M x| <e

= [(TX,8) = (MxeX, )] < [|TX = Myox|| <e
= (Tx, &) e K
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Proposition
f#KCC closed = Mg reflexive.

Proof.
T € Ref(Mk)

(x,8) e N(Z), >0 arbitrary

= IMy.e Mg: ||Tx— M x| <e

= [Tx, &) — (Mxex,&)| < ||Tx — My X|| < e

= (Ix,&)e K = Te Mg. O
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Proposition
f#KCC closed = Mg reflexive.

Proof.
T € Ref(Mk)

(x,8) e N(Z), >0 arbitrary

= M. e Mg: ||Tx —Myx|| <e

= [Tx, &) — (Mxex,&)| < ||Tx — My X|| < e

= (Ix,&)e K = Te Mg. O

Corollary
Space of hermitian operators is reflexive.
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o 2 = Hibertspace = hermitian = selfadjoint:
B(#) = Mg + iMg;



Numerical range
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o 2 = Hibertspace = hermitian = selfadjoint:
B(#) = Mg + iMg;
d(T, Mg) = (T, Mz) = |Re(T)| = 3| T + T



Numerical range
[e]e]e] le]e]

o 2 = Hibertspace = hermitian = selfadjoint:
B(A) = Mg + iMg;
d(T, Mg) = o(T, Mg) = |Re(T)|| = 3I|T + T*|
= k(Mg)=1.



Numerical range
[e]e]e] le]e]

o 2 = Hibertspace = hermitian = selfadjoint:
B(A) = Mg + iMg;
d(7, Mg) = o(T, M) = ||Re(T)
=  K(Mpg)=1.

e 2 Banach space s.t. B(Z) = Mg + iMg
= Kk(Mpg)=1.

| =3lIT+ T



Reflexivity Hyperreflexivity Numerical range

0000C 000e00

o 2 = Hibertspace = hermitian = selfadjoint:
B(#) = Mg + iMg;
d(T, Mg) = (T, Mz) = |Re(T)| = 3| T + T

= H(MR) =1.
e 2 Banach space s.t. B(Z) = Mg + iMg
= H(MR) =1.

e 2 Banach space s.t. B(Z") # Mg + iMg:
Is Mg hyperreflexive?



Reflexivity Hyperreflexivity Numerical range

0000C 000e00

o 2 = Hibertspace = hermitian = selfadjoint:
B(#) = Mg + iMg;
d(T, Mg) = (T, Mz) = |Re(T)| = 3| T + T

= H(MR) =1.
e 2 Banach space s.t. B(Z) = Mg + iMg
= H(MR) =1.

e 2 Banach space s.t. B(Z") # Mg + iMg:
Is Mg hyperreflexive?

Example
2 =¢M00,1] withnorm |||l = [[fllec + [['||oc;
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[e]e]e] le]e]

o 2 = Hibertspace = hermitian = selfadjoint:
B(#) = Mg + iMg;
d(T, Mg) = (T, Mz) = |Re(T)| = 3| T + T

= H(MR) =1.
e 2 Banach space s.t. B(Z) = Mg + iMg
= H(MR) =1.

e 2 Banach space s.t. B(Z") # Mg + iMg:
Is Mg hyperreflexive?

Example
2 =¢M[0,1] withnorm ||f]| = ||fllcc + [|F']loc;

My is trivial: real scaral multiples of /



Numerical range
[e]e]e] le]e]

o 2 = Hibertspace = hermitian = selfadjoint:
B(#) = Mg + iMg;
d(T, Mg) = (T, Mz) = |Re(T)| = 3| T + T

= H(MR) =1.
e 2 Banach space s.t. B(Z) = Mg + iMg
= H(MR) =1.

e 2 Banach space s.t. B(Z") # Mg + iMg:
Is Mg hyperreflexive?

Example
2 =¢M[0,1] withnorm ||f]| = ||fllcc + [|F']loc;

My is trivial: real scaral multiples of I = hyperreflexive.
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Lemma
0ALCMCB(Z);, M hyperreflexive.

If 3k: dM,L) < ka(M.L), YMeM =
L hyperreflexive: k(L) < K+ k(M) + krk(M).
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oo 000000

Lemma
0ALCMCB(Z);, M hyperreflexive.

If 3k: dM,L) < ka(M.L), YMeM =
L hyperreflexive: k(L) < K+ k(M) + krk(M).

Example
X =M, 1< p#2< o0



Reflexivity Hyporrpﬂcxww{y Numerical range

oo 000000

Lemma
0ALCMCB(Z);, M hyperreflexive.

If JFk: dM, L) <ka(M,L), YMeM =
L hyperreflexive: k(L) < k 4+ k(M) + kr(M).
Example

X =0, 1<p#2<x;

e Mg =realdiagonals = Mg+ iMg = D((P);
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Lemma
0ALCMCB(Z);, M hyperreflexive.

If 3k: dM,L) < ka(M, L), VMeM =
L hyperreflexive: k(L) < K+ k(M) + krk(M).
Example
Z =P, 1< p#2< oo;
e Mg =realdiagonals = Mg+ iMpr = D((P);
e Is D(¢P) (p # 2) hyperreflexive?



Reflexivity Hyperreflexivity Numerical range
00000 00000 0000e0

Lemma
0ALCMCB(Z);, M hyperreflexive.

If 3k: dM,L) < ka(M, L), VMeM =
L hyperreflexive: k(L) < K+ k(M) + krk(M).
Example
Z =P, 1< p#2< oo;
e Mg =realdiagonals = Mg+ iMpr = D((P);
e Is D(¢P) (p # 2) hyperreflexive?
e Rosenoer (1982):

Commutative von Neumann algebras are hyperreflexive
with x < 2.
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000080

Lemma
0ALCMCB(Z);, M hyperreflexive.

If 3k: dM,L) < ka(M, L), VMeM =
L hyperreflexive: k(L) < K+ k(M) + krk(M).
Example
Z =P, 1< p#2< oo;
e Mg =realdiagonals = Mg+ iMpr = D((P);
e Is D(¢P) (p # 2) hyperreflexive?
e Rosenoer (1982):

Commutative von Neumann algebras are hyperreflexive
with x < 2.

o D(£?) is hyperreflexive.



Thank you!

P

Fr =

Q>
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