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Reflexivity

• X complex Banach space,
• B(X ) bounded linear operators on X .

• Reflexive cover of ∅ 6=M⊆ B(X ) is

Ref(M) =
⋂

x∈X

{
T ∈ B(X ); Tx ∈Mx

}
;

• Ref(M) ⊆ B(X ) SOT-closed subset,

• M⊆ Ref(M).
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M with structure
usually−−−−→ Ref(M) with similar structure:

(a) M additive ⇒ Ref(M) additive;

(b) L ⊆ B(X ) and LM ⊆M ⇒ LRef(M) ⊆ Ref(M);

• M semigroup ⇒ Ref(M) semigroup,

• M linear space ⇒ Ref(M) linear space,

• M algebra ⇒ Ref(M) algebra;

(c) M convex ⇒ Ref(M) convex.

Proof.
(b) A ∈ L, T ∈ Ref(M), ε > 0, x ∈X ;

⇒ ∃ S ∈M : ‖Tx − Sx‖ < ε ⇒ ‖ATx − ASx‖ < ‖A‖ε

⇒ AT ∈ Ref(LM) ⊆ Ref(M).
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Definition
M is reflexive if Ref(M) =M.

Example
M = {M1, . . . ,Mn} finite ⇒ Mx =Mx (∀ x ∈X )

T ∈ Ref(M), x ∈X ⇒ ∃ Mi ∈M: Tx = Mix

⇒ X =
n⋃

i=1
ker (T −Mi) ⇒ T ∈M.
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Example

• S ∈ B(X ): Orb(S) := {Sn; n ≥ 0}SOT
;

• S is orbit-reflexive if Orb(S) is reflexive

m

T
(
Orb(S)x

)
⊆ Orb(S)x (∀ x ∈X ) ⇒ T ∈ Orb(S);

• Hadwin, Nordgren, Radjavi, Rosenthal (1986):

Many operators are orbit-reflexive: normal, compact,

algebraic, etc.

• Grivaux, Roginskaya (2008); Müller, Vršovský (2009):

There exist operators on a Hilbert space which are not

orbit-reflexive.
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Example

• H separable Hilbert space;

P(H ) ⊂ B(H ) all orthogonal projections.

• L ⊆ P(H ) is operator reflexive if L = RefL.

• Caution! The definition for reflexivity:

L ⊆ P(H ) is a reflexive lattice if L = Lat AlgL.

Shulman, Todorov (2005):

L reflexive ⇒ L operator reflexive.

• Kliś-Garlicka, Müller (2008):

Not every subspace lattice is operator hyperreflexive.
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• Kliś-Garlicka, Müller (2008):

Not every subspace lattice is operator hyperreflexive.



Reflexivity Hyperreflexivity Numerical range

Example

• H separable Hilbert space;

P(H ) ⊂ B(H ) all orthogonal projections.

• L ⊆ P(H ) is operator reflexive if L = RefL.

• Caution! The definition for reflexivity:

L ⊆ P(H ) is a reflexive lattice if L = Lat AlgL.

Shulman, Todorov (2005):

L reflexive ⇒ L operator reflexive.
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Hyperreflexivity

• ∅ 6=M⊆ B(X ), T ∈ B(X )

• d(T ,M) = inf
M∈M

‖T −M‖= inf
M∈M

sup
x∈X
‖x‖=1

‖Tx −Mx‖

• α(T ,M) = sup
x∈X
‖x‖=1

inf
M∈M

‖Tx −Mx‖;

• I ∈M ⊆ B(H ) algebra:

α(T ,M) = sup{‖(I − P)TP‖; P ∈ Lat M}.

• α(T ,M) ≤ d(T ,M);

• d(T ,M) = 0 ⇐⇒ T ∈M and

α(T ,M) = 0 ⇐⇒ T ∈ Ref(M).
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Definition
M is hyperreflexive if ∃ c ≥ 1:

d(T ,M) ≤ c α(T ,M)
(
∀ T ∈ B(X )

)
.

κ(M) = inf c hyperreflexivity constant.

• Hyperreflexive sets are reflexive;

• M linear space ⇒ definitions coincide:

there exist hyperreflexive sets of operators and

there exist reflexive non-hyperreflexive sets of operators.
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Example
K ⊆ B(X ) closed unit ball;

d(T ,K) = α(T ,K) = ‖T‖ − 1
(
T ∈ B(X ) \ K

)
⇒ κ(K) = 1.

Questions
Which sets of operators are hyperreflexive?

• Is every finite set hyperreflexive?

• Which operators S are orbit hyperreflexive
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• Aut
(
B(X )

)
group of automorphisms of B(X );

• Eidelheit (1940):

ϕ ∈ Aut
(
B(X )

)
⇒ ∃ A ∈ B(X ) :

ϕ(T ) = ATA−1 (
T ∈ B(X )

)
.

• Larson, Sourour (1990):

• dim (X ) <∞ ⇒

Ref
(
Aut(B(X ))

)
= Aut

(
B(X )

)
∪ {anti-automorphisms};

• dim (X ) =∞ ⇒

Ref
(
Aut(B(X ))

)
∩ Sur

(
B(X )

)
= Aut

(
B(X )

)
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Example (continued)

• Molnar (1997):

H separable Hilbert space, dim (H ) =∞

• Ref
(
Aut(B(H ))

)
= Aut

(
B(H )

)
, i.e., reflexive;

• group of surjective isometries of B(H ) is reflexive.

• Is Aut
(
B(X )

)
reflexive?

Is Aut
(
B(H )

)
hyperreflexive?

Is the group of surjective isometries of B(H )
hyperreflexive?
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• Π(X ) =
{

(x , ξ) ∈X ×X ∗; 〈x , ξ〉 = 1 = ‖x‖ = ‖ξ‖
}

;

• Π(H ) =
{

(x , x); x ∈H , ‖x‖ = 1
}

;

• numerical range of T ∈ B(X ) is

W (T ) =
{
〈Tx , ξ〉; (x , ξ) ∈ Π(X )

}
.

• Toeplitz-Hausdoff Theorem: W (T ) is convex;

• σ(T ) ⊆W (T ) ⊆ {z ∈ C; ‖z‖ ≤ ‖T‖};

• compact if dim (X ) <∞;

• W (αT + β) = αW (T ) + β.
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K ⊆ C : MK = {T ∈ B(X ); W (T ) ⊆ K}

(a) • MK = ∅ ⇐⇒ K = ∅,
• MK = {λI} ⇐⇒ K = {λ},
• MK = B(X ) ⇐⇒ K = C;

(b) K closed ⇒ MK WOT-closed;

(c) K convex ⇒ MK convex;

(d) K additive ⇒ MK additive;

(e) Λ ⊆ C: ΛK ⊆ K ⇒ ΛMK ⊆MK ,

• K line in C ⇒ MK is real subspace of B(X ),

• MR Hermitian operators on X .
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Proposition
∅ 6= K ⊆ C closed ⇒ MK reflexive.

Proof.
T ∈ Ref(MK )

(x , ξ) ∈ Π(X ), ε > 0 arbitrary

⇒ ∃ Mx ,ε ∈MK : ‖Tx −Mx ,εx‖ < ε

⇒ |〈Tx , ξ〉 − 〈Mx ,εx , ξ〉| ≤ ‖Tx −Mx ,εx‖ < ε

⇒ 〈Tx , ξ〉 ∈ K ⇒ T ∈MK .

Corollary
Space of hermitian operators is reflexive.
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• X = H Hilbert space ⇒ hermitian = selfadjoint:

B(H ) =MR + iMR;

d(T ,MR) = α(T ,MR) = ‖Re(T )‖ = 1
2‖T + T ∗‖

⇒ κ(MR) = 1.

• X Banach space s.t. B(X ) =MR + iMR

⇒ κ(MR) = 1.

• X Banach space s.t. B(X ) 6=MR + iMR:

IsMR hyperreflexive?

Example
X = C (1)[0,1] with norm ‖f‖ = ‖f‖∞ + ‖f ′‖∞;

MR is trivial: real scaral multiples of I ⇒ hyperreflexive.
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Lemma
∅ 6= L ⊆M ⊆ B(X ); M hyperreflexive.

If ∃ k: d(M,L) ≤ kα(M,L), ∀ M ∈M ⇒

L hyperreflexive: κ(L) ≤ k + κ(M) + kκ(M).

Example
X = `p, 1 ≤ p 6= 2 ≤ ∞;

• MR = real diagonals ⇒ MR + iMR = D(`p);

• Is D(`p) (p 6= 2) hyperreflexive?

• Rosenoer (1982):

Commutative von Neumann algebras are hyperreflexive
with κ ≤ 2.

• D(`2) is hyperreflexive.
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Thank you!
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