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DECOMPOSITION THEOREMS FOR SESQUILINEAR FORMS

ZOLTAN SEBESTYEN, ZSIGMOND TARCSAY, AND TAMAS TITKOS

1. INTRODUCTION

In our recent papers [4, 5] we presented general decomposition theorems for nonnegative
sesquilinear forms that are common generalizations of several earlier results. For example, these
generalize Ando’s decomposition for positive operators [1] (see also [9]), Gudder’s decomposition
for positive functionals on Banach *-algebras [2], and Simon’s decomposition for densely defined
quadratic forms. Moreover, it turned out that there is a connection between the operator short
and the Lebesgue decomposition of measures. The aim of this paper is to give a brief overview
of this topic from an operator theoretic point of view.

2. GENERALITIES

Let X be a complex linear space and let t be a nonnegative sesquilinear form (or shortly:
form) on it. That is, t is a mapping from the Cartesian product X x X to C, which is linear
in the first argument, antilinear in the second argument, and the corresponding quadratic form

t[-]: X—R
VeeX: tx]:=t(z, )
is nonnegative. The set F4(X) of forms is partially ordered with respect to the ordering
t<mw < VereX: tz]<w]

If there exists a constant ¢ such that t < ¢ - to then we say that t is dominated by w (t <4 tv, in
symbols). Since the square root of the quadratic form defines a seminorm on X, then the kernel
of t

kert:= {z € X | t[z] =0}

is a linear subspace of X. The Hilbert space 7% denotes the completion of the inner product
space X /kert equipped with the natural inner product

Ve,ye X: (z+kert|y+kert):=t(z,y).
The form t is w-absolutely continuous if ker o C ker t, that is to say,
VeeX: wjz|=0 = tjz]=0
in analogy with the well-known measure case. We say that the form t is two-closable if
((tlzn — zm] = 0) A (w[zn] — 0)) = t[zn] — 0
holds for all sequence (x,)nen € XN. The singularity of t and w means that
Vs € Fi(X): (<t A (s<w)) = s=o.

In the following sections we present two fundamental results of decomposition theory of forms.
The first one is the so-called short-type decomposition, which is a decomposition of a form into
absolutely continuous and singular parts with respect to another one.

1991 Mathematics Subject Classification. Primary 47A07, Secondary 47B65, 28A12.
Supported by ”Lendiilet” Program of the Hungarian Academy of Sciences, No. LP2012-46/2012.



52 DECOMPOSITION THEOREMS FOR SESQUILINEAR FORMS

3. SHORT-TYPE DECOMPOSITION

In our further considerations an essential role will be played by the concept of the short of a
form, which is introduced as follows. Let 2 C X be a linear subspace, and let t € F; (X). Then
the following formula defines a form

Ve e X: tylr]:= ;ggt[x —yl=||(I- P)(:U—I—kert)Hf.

Here P is the orthogonal projection from .7 onto the closure of 9 = {y + kert | y € D}.
The form t, is the short of t to the subspace ).

Theorem 1. Let t,1w0 € F1(X) be forms. Then there exists a short-type decomposition of t with
respect to . Namely,

t= b T ()

where the first summand is vw-absolutely continuous and the second one is vo-singular. Further-
more, t, 15 mazimal among those w-absolutely continuous forms that are majorized by t. The
decomposition is unique precisely when t is dominated by to.

ker 1

ker 1o

Corollary 2. Let € be the complex linear space of measurable simple functions over the mea-
surable space (X, A). For a finite measure u the following formula defines a form on &:

Vo, €€ tulp, ) :Z/w-w dp.
X

If p and v are finite measures, then p is absolutely continuous with respect to v precisely when t,,
is absolutely continuous with respect to t,. Consequently, if = p, + ps is the unique Lebesgue
decomposition of p with respect to v [10], then

o) =int { [11- 0P du|pee, [lof av=o}.
A X

Remark 3. It was proved by Krein [3] that if .# is a closed linear subspace of 7 and A €
B, (), then the set

{SeB ()| (S<A) A (ranS C.#)}

possesses a greatest element. This follows immediately from Theorem 1, and this is why we say
that the form t,, is the short of t to the subspace ). Indeed, let t(z,y) = (Az|y) and consider
the form t ,.. Since t i1 is a bounded form, there exists a unique S € By () such that
trs(z,y) = (Sz|y) and

(J:EJ/ZL:>(S@”\I):O)é/ngkerSiranSg///.

The maximality of S follows from the maximality of t , ..

4. LEBESGUE-TYPE DECOMPOSITION

In this section we present the Lebesgue-type decomposition of forms.

Let J be the embedding operator from X/yer(t4 ) € Hetw into Hy, defined by the identifica-
tion
VeeX: x+ker(t+w)— z+kertw.
By setting
S(t, ) = {(xn)neN e xN } t{r, — xm] — 0,10[x,] — O},
the kernel of J** can be described by

ker J** = { lim (z, + ker(t+m)) ) (Z)men € G(t,m)}.

n—oo
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Let P stand for the orthogonal projection of $¢n onto {ker J**}*, and define v : X — R via
the following formula:

Ve eX: tfz]:=inf{ lim t{r — xp] | (zn)nen € S(t,w)}.

For any = € X we have
[P+ ker(t + w)) |7, = tlz] + wla]
and
H(I—P)(ac—kker(t—km

In particular, both v and t — v are (quadratic) forms on X.

iy = the] = el

Theorem 4. Let t and v be forms on the complex linear space X. Then
t=rt4(t—1)
is a Lebesque-type decomposition of t with respect to w. That is, v is closable with respect to to,
and t — vt s singular with respect to vo. Furthermore,
vt =max{s € F,(X) | s <t, s is ro-closable}.
That is, © is the mazimum of all forms majorized by t, which are closable with respect to 1v.

We will refer to t (resp., to t —t) as the regular part (resp., the singular part) of t with respect
to 1.

Corollary 5. Let t and w be forms on the complex) linear space X, and let v denote the regular
part of t with respect to wo. The following statements are equivalent:

(i)  tis w-closable;

(i) v=t;

(iii)  ker J** = {0}.

Corollary 6. Let t and o be forms on the complex linear space X. Let v stand for the regular
part of t with respect to vo. Then for each x € X

t[z] = inf { liminf tfz — 2] | (zn)nen € 2N, wlz,) — 0}.

n—oo

Finally, we mention an application for positive operators. Let A and B be bounded positive
operators on the Hilbert space . Applying our decomposition theorems to the forms

ta(z,y) == (Az|y) and tg(z,y)= (Bz|y)
we gain the short-type decomposition

A=A A

<,B + L1.B

and the Lebesgue-type decomposition
A=DpA+ (A—DgA)

of A with respect to B. If ran B is closed, then the shorted part A_ , coincides with the regular
part DA in the sense of Ando [1], and therefore it is closable with respect to B. Furthermore,
according to [9] we have the following characterization of closed range positive operators.

Theorem 7. Let B be a bounded positive operator on the complex Hilbert space €. Then the

following are equivalent
(i) ran B is closed,
(i) VAeB(5): A_, <aB,

(iii) VAEB_i_(%) : DpA <4 B.
If any of (i) — (ii7) fulfills, then DpA = A_ , for each positive operator A.
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5. RADON—NIKODYM THEOREMS

When we consider absolute continuity, there arises the natural question: can the regularity
concept be characterized by a Radon—Nikodym type result? The following theorem answers this
question in our general situation [8] (see also [6]).

Theorem 8. Let t and 1o be forms on the complex linear space X. The following statements are
equivalent:

(i) t is ro-closable,
(ii) There is a positive selfadjoint (in general, unbounded) operator T in $w such that X /xerw C
dom T2 and

VezeX: tz]=|TY?(x + kerw)|2.

Remark 9. Let A be a not necessarily unital *-algebra, and let w be a representable positive
functional on it. That is to say, there exists a Hilbert space J%,, a *-representation m,, of A to
B(.77,), and a cyclic vector &, such that

Yae A: w(a) = (Ww(a)gw ‘ Sw)w-
Now, we have the following characterization: let v and w be representable functionals on A.

Then w is v-absolutely continuous in the sense of Gudder [2] precisely when there exists a
positive selfadjoint operator W on J#, such that

Ty (A)§y C dom W
and
Va,be A: w(b®a) = (Wﬂv(a)fv ‘ Wﬂ'v(b)&,)v.

The operators T and W in Theorem 8 and Remark 9 above might be called Radon—Nikodym
derivatives.
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