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Abstract. We describe some spectral representations for a class of non-self-adjoint banded
Jacobi-type matrices. Our results extend those obtained by P.B. Näıman for (two-sided infinite)
periodic tridiagonal Jacobi matrices.
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1. Introduction

First we recall some key definitions and facts from [2]. Let us consider a finite family of
smooth non-intersecting curves on the complex plane. We enumerate them as Γ1, . . . ,Γd, impose
an orientation on each of them, and denote by α and β the beginning of Γ1 and the end of
Γd, respectively. We set Γ◦ = Γ1 ∪ . . . ∪ Γd and introduce the order relation ≺ on Γ◦ as
follows: for λ, µ ∈ Γ◦, we write λ ≺ µ if λ and µ are on the same curve, whereas λ lies
earlier than µ in accordance with the fixed orientation, or λ ∈ Γi and µ ∈ Γj for some i < j
(i, j = 1, . . . , d). We denote by Γ the closure of Γ◦ and next in a natural way extend the order
≺ to Γ distinguishing, to avoid the ambiguity, the points which are simultaneously beginnings
and ends of the corresponding curves.

Let H be a Hilbert space. We denote by B(H) the set of all bounded linear operators from
H into H.

Definition 1. An operator-valued function E : Γ → B(H) is a resolution of the identity if:

(i) E(λ)H ⊂ E(µ)H for all λ, µ ∈ Γ such that λ ≺ µ
(ii) for each λ ∈ Γ, E(λ) is an orthogonal projection,
(iii) E(α) = 0 and E(β) = I.

Take an operator A ∈ B(H) (which, in general, is non-selfadjoint). Assume henceforth that
σ(A) = Γ, where σ(A) stands for the spectrum of A. We provide the following definitions ([2]).

Definition 2. A resolution of the identity E is called a spectral resolution of the operator
A ∈ B(H) if:

(i) for each λ ∈ Γ, the space E(λ)H is invariant for A,
(ii) for each λ ∈ Γ,

σ(AE(λ)) = {µ ∈ Γ : µ ≺ λ} and σ(A(I − E(λ))) = {µ ∈ Γ : λ ≺ µ}.
Definition 3. An operator-valued function F : Γ → B(H) is said to be a skew resolution of the
identity if:

(i) for each λ ∈ Γ, F (λ) is a projection (i.e. F 2(λ) = F (λ)),
(ii) F (α) = lim

λ ↓α
F (λ) = 0 and F (β) = lim

λ ↑β
F (λ) = I,

(iii) F (λ)H ⊂ F (µ)H and (I − F (µ))H ⊂ (I − F (λ))H for all λ, µ ∈ Γ such
that λ ≺ µ,

(iv) there exist positive real numbers m and M such that for each g ∈ H and each division
{∆1, . . . ,∆s} of Γ on open intervals ∆k = (αk, βk) (k = 1, . . . , s), we have

m

s∑
k=1

∥F (∆k)g∥2 ≤ ∥g∥2 ≤M

s∑
k=1

∥F (∆k)g∥2,
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where F (∆k) := F (βk)− F (αk).

Definition 4. A skew resolution of the identity F is called a skew spectral resolution of A ∈ B(H)
if:

(i) for each λ ∈ Γ, the spaces F (λ)H and (I − F (λ))H are invariant for A,
(ii) for each λ ∈ Γ,

σ(AF (λ)) = {µ ∈ Γ : µ ≺ λ} and σ(A(I − F (λ))) = {µ ∈ Γ : λ ≺ µ},

(iii) for each ε > 0 there exists δ > 0 such that for each interval ∆ ⊂ Γ of length less than δ,
and all f ∈ F (∆)H and λ ∈ ∆, we have

∥Af − λf∥ < ε.

If F is a skew-spectral resolution of an operator A on H, then

Af =

∫
Γ

λ dF (λ)f, f ∈ H,

where the integral above is understood in the Riemann sense, i.e. it is the limit of the sums of
the form

∑s
k=1 λkF (∆k)f .

2. Spectral resolutions of Laurent operators

Let A : l2(Z,Cd) → l2(Z,Cd) be a Laurent operator defined by

(Au)n =

∞∑
j=−∞

Ajun−j , n ∈ Z,

for u = (un)n∈Z ∈ l2(Z,Cd), where Aj ∈ Cd×d (j ∈ Z) and
∞∑

j=−∞
|Aj | < ∞. Let T = {ζ ∈ C :

|ζ| = 1}. With regard to the terminology used in [1], the matrix-valued function

A(ζ) =

∞∑
k=−∞

Akζ
k, ζ ∈ T,

is called the symbol of the operator A.
Let us assume that σ(A) = Γ, where Γ is the closure of a finite sum of curves as in Section 1.

We will show that a spectral representation of A can be derived from that of the symbol A(ζ).
For this purpose we consider two cases: first a more general one, when the symbol A(ζ) is
triangularizable, and then a particular one, when it is diagonalizable.

Case 1. Spectral resolution for a Laurent operator
For a fixed ζ ∈ T, A(ζ) is a d× d complex matrix. In view of the Schur theorem there exist:

• a triangular matrix T (ζ),
• a unitary matrix U(ζ)

such that

A(ζ) = U(ζ)T (ζ)(U(ζ))∗.

Next, we consider the operator T : L2(T,Cd) → L2(T,Cd) defined by

(Tψ)(ζ) = T (ζ)ψ(ζ), ψ ∈ L2(T,Cd), ζ ∈ T.

We call T a canonical operator of A.

Theorem 5. Let A : l2(Z,Cd) → l2(Z,Cd) be a Laurent operator, A(ζ) its symbol, and T (ζ) a
Schur triangularization of A(ζ) (ζ ∈ T). Then:

(i) the operator A is unitarily equivalent to the canonical operator T : L2(T,Cd) → L2(T,Cd)
(more precisely, A = UTU−1, where U : L2(T,Cd) → l2(Z,Cd) is a unitary operator ),
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(ii) the operator-valued function E defined by

E(λ) = UE(λ)U−1, λ ∈ σ(A),

is a spectral resolution of A.

Case 2. Skew spectral resolution for a Laurent operator
Assume that for each ζ ∈ T the matrix A(ζ) has all simple eigenvalues λk(ζ) (k = 1, . . . , d).

Then each matrix A(ζ) is diagonalizable. More precisely, for ζ ∈ T, we can find:

• a diagonal matrix D(ζ),
• an invertible matrix V (ζ)

such that
A(ζ) = V (ζ)D(ζ)(V (ζ))−1.

Let D : L2(T,Cd) → L2(T,Cd) be the operator given by

(Dψ)(ζ) = D(ζ)ψ(ζ), ψ ∈ L2(T,Cd), ζ ∈ T.

Theorem 6. Let A : l2(Z,Cd) → l2(Z,Cd) be a Laurent operator and A(ζ) (ζ ∈ T) its symbol.
Suppose that for each ζ ∈ T the matrix A(ζ) has simple eigenvalues only. Then:

(i) A is similar to the operator D : L2(T,Cd) → L2(T,Cd) (more precisely, A = WDW−1,
where W : L2(T,Cd) → l2(Z,Cd) is an invertible bounded operator),

(ii) the operator-valued function F defined by

F(λ) =WF (λ)W−1, λ ∈ σ(A),

is a skew spectral resolution of A,
(iii) A has an integral representation

Af =

∫
Γ

λ dF(λ)f, f ∈ l2(Z,Cd).

All results presented above can be found in [3].
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