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SPECTRAL REPRESENTATION
FOR A CLASS OF LAURENT OPERATORS

WITOLD MAJDAK AND EWELINA ZALOT

ABSTRACT. We describe some spectral representations for a class of non-self-adjoint banded
Jacobi-type matrices. Our results extend those obtained by P.B. Naiman for (two-sided infinite)
periodic tridiagonal Jacobi matrices.

1. INTRODUCTION

First we recall some key definitions and facts from [2]. Let us consider a finite family of
smooth non-intersecting curves on the complex plane. We enumerate them as I'1, ..., 'y, impose
an orientation on each of them, and denote by « and 3 the beginning of I'y and the end of
T'y, respectively. We set ['° = I'y U... U I'y and introduce the order relation < on I'° as
follows: for A\, u € I'°, we write A < p if A and p are on the same curve, whereas A\ lies
earlier than p in accordance with the fixed orientation, or A € I'; and p € I'; for some @ < j
(i,j =1,...,d). We denote by I' the closure of I'° and next in a natural way extend the order
< to I' distinguishing, to avoid the ambiguity, the points which are simultaneously beginnings
and ends of the corresponding curves.

Let H be a Hilbert space. We denote by B(#) the set of all bounded linear operators from
H into H.

Definition 1. An operator-valued function £ : I' — B(H) is a resolution of the identity if:

(i) E(NH C E(u)H for all A\, € T such that A < p
(ii) for each A € I, E/()\) is an orthogonal projection,
(i) E(a) =0 and E(B) = 1.

Take an operator A € B(H) (which, in general, is non-selfadjoint). Assume henceforth that
o(A) =T, where o(A) stands for the spectrum of A. We provide the following definitions ([2]).

Definition 2. A resolution of the identity F is called a spectral resolution of the operator
A € B(H) if:

(i) for each A € T, the space E(A\)H is invariant for A,

(ii) for each A € T,

oc(AEN)) ={pel:u=<A} and o(AUI —-E\N))={pnel:A=<u}.
Definition 3. An operator-valued function F' : T' — B(H) is said to be a skew resolution of the
identity if:
(i) for each A € T', F()) is a projection (i.e. F2(\) =
(ii) F(a) = ;\liIIF()\) =0and F(B8) = /1\1%%}7()\) =1,
(i) FIVH C F(u)H and (I — F(p)H < (I
that A < p,

(iv) there exist positive real numbers m and M such that for each g € H and each division
{A1,...,As} of " on open intervals Ay = (ag, Bx) (k=1,...,s), we have

m Y IF(ARgl® < llgl® < MY IIF(Apgl?,
k=1 k=1

EQA),

— F(A)H for all A\,u € T such

2010 Mathematics Subject Classification. 47TA67, 4TAT5.



40 W. MAJDAK, E. ZALOT

where F(Ay) :== F(Bx) — F(ay).

Definition 4. A skew resolution of the identity F is called a skew spectral resolution of A € B(H)
if:

(i) for each A € I, the spaces F'(A\)H and (I — F(\))H are invariant for A,

(ii) for each A\ € T,

o(AF(\)) ={peTl:u<A} and o(AI—-F\))={pnel:x=<u},

(iii) for each € > 0 there exists § > 0 such that for each interval A C I' of length less than J,
and all f € F(A)H and A € A, we have

[Af =AMl <e.

If F' is a skew-spectral resolution of an operator A on #H, then

Af = / NAF(Nf, feH,
T

where the integral above is understood in the Riemann sense, i.e. it is the limit of the sums of
the form > 7 Mo F(Ag)f.

2. SPECTRAL RESOLUTIONS OF LAURENT OPERATORS

Let A:1%(Z,C% — I2(Z,C%) be a Laurent operator defined by

(Au)y, = Z Ajun—j, ne,

j=—o00

for u = (up)nez € 1*(Z,C%), where A; € C™*? (j € Z) and Y. |Aj| < oc.Let T={¢ €C:
Jj=—00

|¢| = 1}. With regard to the terminology used in [1], the matrix-valued function

AlQ) = D A4l CeT,

k=—00

is called the symbol of the operator A.

Let us assume that o(A) = T", where T is the closure of a finite sum of curves as in Section 1.
We will show that a spectral representation of A can be derived from that of the symbol A(().
For this purpose we consider two cases: first a more general one, when the symbol A(() is
triangularizable, and then a particular one, when it is diagonalizable.

Case 1. Spectral resolution for a Laurent operator
For a fixed ( € T, A(() is a d x d complex matrix. In view of the Schur theorem there exist:

e a triangular matrix 7'(¢),
e a unitary matrix U(()

such that
A(Q) =U(OT (W)
Next, we consider the operator T : L?(T,C%) — L?(T,C%) defined by

(T¥)(¢) =T(C)w((), e L*(T,C%),(eT.

We call T' a canonical operator of A.
Theorem 5. Let A : 1%(Z,C%) — 1?(Z,C%) be a Laurent operator, A(C) its symbol, and T(C) a
Schur triangularization of A(C) (¢ € T). Then:

(i) the operator A is unitarily equivalent to the canonical operator T : L*(T,C%) — L?(T,C%)
(more precisely, A =UTU™L, where U : L*(T,C%) — 12(Z,C?) is a unitary operator ),
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(ii) the operator-valued function £ defined by
EN) =UENUT, X a(A),

s a spectral resolution of A.

Case 2. Skew spectral resolution for a Laurent operator
Assume that for each ¢ € T the matrix A(¢) has all simple eigenvalues A\;(¢) (k= 1,...,d).
Then each matrix A(() is diagonalizable. More precisely, for ¢ € T, we can find:
e a diagonal matrix D((),
e an invertible matrix V' (()

such that
A(Q) = V(ODOV(Q)
Let D : L*(T,C%) — L?(T,C%) be the operator given by

(D¥)(¢) = D(Q)¥((), € L*(T,C%),(eT.

Theorem 6. Let A : 1%(Z,C%) — 12(Z,C%) be a Laurent operator and A(¢) (¢ € T) its symbol.
Suppose that for each ¢ € T the matriz A(C) has simple eigenvalues only. Then:
(i) A is similar to the operator D : L*(T,C%) — L?*(T,CY%) (more precisely, A= WDW 1,
where W : L*(T,C%) — 12(Z,CY) is an invertible bounded operator),
(ii) the operator-valued function F defined by

FN =WFMW™ Xea(A),

s a skew spectral resolution of A,
(iii) A has an integral representation

Af:/)\d}‘(A)f, fel}(z,CY).
I

All results presented above can be found in [3].
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