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ON THE RELATIVE NUMERICAL RANGES OF AN OPERATOR

JANKO BRACIC AND CRISTINA DIOGO

ABSTRACT. Relative numerical ranges are introduced and their basic properties are listed.

1. INTRODUCTION

Let 22 be a separable complex Hilbert space. We denote by .#, the unit sphere of # and
by B(#) the Banach algebra of all bounded linear operators on . The numerical range of
S e B()is W(S) = {(Sz,z); =€ .4} We are interested in some parts of W (), called
relative numerical ranges, which are specified by an operator T' € B(7). To motivate our
definition, we begin with the following lemma.

Lemma 1. Let # # {0} be a closed subspace of S and P be the orthogonal projection onto
A . Then, for S € B(J), the closure of the numerical range of the compression of S to K is
(1) W(PS|x)={reC; F(zpn)yli C L li_)m |Pzy| =||P| and li_)m (Sp,xn) = A}

The set on the right hand side of (1) has meaning if P is replaced by an arbitrary T € B(J¢).
Let

(2) Wr(S)={r eC; F(zn)oe1 C Iw: |Txn|| = ||T|| and (S, zn) = A}

lim lim
n—oo n—oo
Following Magajna [2], we call Wp(S) the numerical range of S relative to 7. In the case
S =T, (2) reduces to the Stampfli’s maximal numerical range of T, see [3]. On the other hand,
Wi(S) = W(S), where I is the identity operator on J#. Actually, it is clear from the definition
that Wp(S) = W(S) for any operator T which is a scalar multiple of an isometry.

Recall that a number A € C is an approximate eigenvalue of T' € B(J¢) if there exists

(xn)0 1 C .y, called a sequence of approximate eigenvectors of T" at A, such that nh_)ngo | T, —

Az, || = 0. It is obvious that the set o4, (T") of all approximate eigenvalues of T" is a part of the
spectrum o(7T) and it is well-known that 0o (T'), the boundary of o(7'), is a subset of 04, (7). In
particular, if 7' is a selfadjoint operator, then o(T') = 0q,(T).

Let |T'| be the unique positive square root of T*T.

Lemma 2. Let T € B(J). If (x0)52 C L, then le |Txn|| = ||T|| if and only if (x,)5,

is a sequence of approximate eigenvectors of |T| at | T|.
Motivated by Lemma 2 we introduce the following definition.

Definition 3. Let 7' € B(%) and r € o(|T|). The numerical range of S € B(J) relative to T
at r is

Wr(S)={AeC; I(zn)pry C S li_>m |T|xn — ra,|| =0 and (Sxp,xn) = A}

lim
n—oo

Note that it follows from the definition that W7.(S) = W/\7£r|(5 ). In the following theorem we
list properties of the relative numerical ranges.

Theorem 4. Let S, T € B() and r € o(|T).
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(i) WZ(S) is a non-empty closed convex subset of W (S).
(ii) Wi(S*) = {\ X € WiL(S)} and Wh(aS + BI) = aWi(S) + B8, where a,3 € C are
arbitrary.
(iii) Assume that v € C is a non-zero number and V € B(J) is an isometry. Then
W) = Wi(S).
(iv) If f is a continuous real-valued function on o(|T|), then Wi.(S) C W}{fp‘;(S) for every
S € B(J). Moreover, if f is injective and f(t) > 0 for all t € o(|T)), then Wi(S) =

WJ{((\?D(S) for every S € B(J).

2. ZERO IN THE RELATIVE NUMERICAL RANGE
It is known that the position of zero with respect to the numerical range of S € B(.%) gives

some information about S. In the following proposition we show that the presence of 0 in
W (S*T) gives lower bound for the distance from T to the linear space spanned by S.

Proposition 5. Let S,T € B() and r € o(|T|). If 0 € Wi(S*T), then dist(T,CS) > r.
Hence, dist(T',CS) > sup{r € o(|T|); 0 € W(S*T)}.

For r = ||T||, Proposition 5 implies dist(T,CS) = ||T'|| whenever 0 € WﬁTH(S*T) because
the inequality dist(7',CS) < ||T'|| always holds. Actually the conditions dist(7,CS) = ||T|| and
0€ WﬁT”(S *T') are equivalent.

Theorem 6. Let S,T € B(J) be arbitrary. Then ||T| = dist(T,CS) if and only if 0 €
Wil (57T,

We mention a few consequences of Theorem 6.

Corollary 7. Let V € B() be an isometry and S € B() be an arbitrary operator. Then

dist(V,CS) = 1 if and only if 0 € W(V*S). In particular, dist(I,CS) = 1 if and only if
0 W(S).

Corollary 8. An operator S € B(J) is non-invertible if and only if dist(U,CS) = 1 for every
unitary operator U.

Corollary 9. If S is invertible, then there exists a unitary operator U € B(€) and a (non-zero)
number a such that |[U* —aS™Y|| < 1. In particular, if ||[I - S|| < 1, then there exists a € C\ {0}

such that |I —aS™Y| < 1.
Corollary 10. If T € B(3) is invertible, then there exists X € C such that | T* — XT71|| < 1.

We close the paper with a result which gives a characterization of W (S) \ o(S5).
Corollary 11. Let S € B(7). For A € C\ o(95), the following assertions are equivalent:

(i) A e W(S)\a(S); (i) ;gg\lf —u(S =MD =1 (i) ;gg\l(s ~A)THS = pl)| = 1.

Proofs of all mentioned results can be find in [1].
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