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A NOTE ON THE REACHABILITY OF A FIBONACCI CONTROL
SYSTEM

ANNA CHIARA LAI

ABSTRACT. Motivated by applications in robotics, we investigate a discrete control system
related Fibonacci sequence and we characterize its reachable set.

This note is devoted to the characterization of the reachable set of the discrete control system

o = Ug
(F) r1=ur+
Tn+1
Tnt2 = Un+2 + =+

Motivations in investigating the systems of the form (F) come from robotics, indeed it can be
shown that z,, represents the total length of a telescopic, self-similar robotic arm [LLV, LLVa].
By an inductive argument we get the closed formula

Tn Ziun ks

where fr = fi—1 + fi—2,f1 = fo = 1 denotes Fibonacci sequence [LLVa]. Consequently the
asymptotic reachable set R, of the system (F) reads

(1) Ry := {nh_)n;o:cn(u) |u € {0,1}°} = {Z (J;Zuk | up € {0, 1}} .

k=0

Remark 1. The set R, is well defined if and only if the scaling ratio ¢ is greater than the

Golden Mean ¢, this indeed ensures the convergence of the series > ;- f ’,2 Uj-

In order to give a full description of R, we shall make use of the following definitions

{Z Jisk ==y | u, € {0, 1}}

ik i+ fimg
=y duan S

Q(j) := greatest solution of the equation S(q,j + 1) = ¢f;

1 /
Tfj(fj-‘yﬂ + fj2+2 +8fj2)

Notice that, as j — oo, for all ¢ > ¢, S(q,j) T oo while Q(j % (0? 4+ \/¢? +1). Also notice
the recursive relation

(2) S(q,5) =a(S(q,j — 1) = fj-1)-
Lemma 2. If g € (¢, Q(j)] then Ry =1[0,5(q, j)].
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Proof. We show the claim by double inclusion. The inclusion R, ; C [0, S(q, j)] readily follows
by the definitions of R, ; and of S(q,j). To show the other inclusion, for all z € [0, S(q, j)] we
consider the sequences (r) and (uy) defined by

ro = x;

_ 1 ifr, € [fj4n,.S(q,5 + h)]
0 otherwise

3)
Th1 = q(rh — un fj+n)
We show by induction
i fj+k Th+1
(4) a::kzzoqkuk—l—qhH for all h > 0.

For h = 0 one has r; = q(x — uofx) and consequently x = frug + r1/q. Assume now (4) as
inductive hypothesis. Then

h
ht2 fitk
Tz =q"" (33 - & Uk) = qfj+h+1unt1
k=0

Consequently,
h+1

+k Th42
o= 30 Ty, g T
k=0

and this completes the proof of the inductive step and, therefore, of (4).
Now we claim that if ¢ < Q(j) then

(5) rp € 10,5(q,j + h)] for every h.

We show the above inclusion by induction. If A = 0 then the claim follows by the definition
of rg and by the fact that z € [0, S(q,7)]. Assume now (5) as inductive hypothesis and notice
that the definition of S(q,j + h) implies fjyn < S(¢,j + h). If vy € [0, fjqn) then rpp =
qry, € [0,qfj+n) € [0,5(q,5 + h + 1)] — where the last inclusion follows by the definition of
Q(j + h) and by the fact that ¢ < Q(j) < Q(j + h). If otherwise ry, € [fj4n,S(q,j + h)] then
Th1 = q(rh — fi+n) € [0,4(S(q,j +h) = fj+n)] = [0,5(q,j + h+1)] (see (2)) and this completes
the proof of (5).
Recalling f,, ~ ¢™ as n — oo, one has

h—1 .

o fitk fivk @ .rp ® . S(q,j+h)
E Tuk—hm —kuk—aj—hm—hz.x—hmih
q h—o0 h—o00 h—o0 q

k=0 k=0
2 ) .
oyl DIt i

On the other hand

0o [htk

and this proves z = > ;7 U It follows by the arbitrariety of « that [0,S(q, k)] C Ry and

this concludes the proof. O

Remark 3. By applying Lemma 2 to the case j = 0 we get that if ¢ € (¢, Q(0)] then R, =
[0,5(q,0)]. This result was already proved in [LLVa].
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Theorem 4. Forall j > 1 if g€ (Q(j —1),Q(j)] then Ry, is composed by the disjoint union of
27 intervals, in particular

1 j—1
(6) R= | [ka Z T 1 (a9
k k=

uo,‘..,uj_le{o 1}

Moreover if ¢ > 1 5 (02 + /2 + 1) then the map u > T, = porad 079 uk s increasing with respect
to the lexicographic order and Rq 1s a totally disconnected set.

Proof. Fix j > 1 and let g € (Q(j — 1),Q(5)]. First of all we notice that

{Zuk | ug, € {0,1}} = U Z—uk + Rq’j.

UQ ey Uj— 1€{0,1} k= 0

Since ¢ < Q(j) then by Lemma 2 we have R, ; = [0, S(q, j)] and this implies (6). We now want to
prove that the union in (6) is disjoint. To this end consider two binary sequences (v, ..., vj_1)
and (uo,...,u;—1) and assume (vo,...,vj—1) > (uo,...,uj—1) in the lexicographic order. Let
h € {0,...,j—1} be the smallest integer such that v, = 1 and up, = 0. Then g > Q(j—1) > Q(h)
implies

j—1 1 Jj—1 .
f fr S f Je | S(q, fn S(g,h+1
S (Sl 2] 8 & L 20D B S

and, consequently, that the union in (6) is disjoint. To show the second part of the claim we

assume g > %(@2 + V%2 +1) and we let v = (ug,...,uUn,...,) and v = (vg,...,Up,...,) be
two infinite binary sequences such that v > u in the lexicographic order. As above let h be the
smallest integer such that 0 = u; < v, = 1 and define z, = Y ;- (%I/k with v € {u,v}. One

has

k= h+1 k= h+1 q
Indeed ¢ > 1 gp + v/ 2% + 1) implies ¢ > Q(h) for all h > 0. This implies that the map v — z,
is 1ncreasmg with respect to the lexicographic order. As a consequence, for all z,, € R, such
that =, < x, < x, one has u < w < v in the lexicographic order. In particular w; = u; = v;
for j=0,...,h— 1, wp =up =0 and (wWpi1,.. s, Whin,---) > (Upt1,- - Upsin,--. ). Therefore
Ty = Z é f’“uk + 0w and 0y = D 20,0 i;—ﬁwk < qh%S(q,h +1). On the other hand the last
inequality in (7) implies that we may choose some

1 In
o€ (qh+lS(q,h+1) . >

and setting = := x,, + 6 we get z, < x < x, and, in view of above reasoning, * ¢ R,. By the
arbitrariety of x,, and x, we deduce that R, is a totally disconnected set and this completes the
proof. O
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